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Abstract. We study the geometry of families of hypersurfaces in Eguchi-Hanson 
space that arise as complex line bundles over curves in and are three— dimensional, 
non-compact Riemannian manifolds, which are foliated in Hopf tori for closed curves. 
They are negatively curved, asymptotically flat spaces, and we compute the complete 
three— dimensional curvature tensor as well as the second fundamental form, giving 
also some results concerning their geodesic flow. We show the non-existence of h^- 
harmonic functions on these hypersurfaces for every p > 1 and arbitrary curves, and 
determine the infima of the spectra of the Laplace and of the square of the Dirac 
operator in the case of closed curves. We also show that, in this case, zero lies in 
the spectrum of the Dirac operator. For circles we compute the L^— kernel of the 
Dirac operator in the sense of spectral theory and show that it is trivial. We consider 
further the Einstein— Dirac system on these spaces and construct explicit examples of 
T-Killing spinors on them. 
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1. Introduction 

In this paper we shall study certain families of hypersurfaces in Eguchi-Hanson space 
that arise as complex line bundles over curves on S"^ ~ C U {oo}. They are three- 
dimensional, open, asymptotically flat Riemannian manifolds of non-positive scalar cur- 
vature which, in case of a closed curve, are foliated in Hopf tori. We describe their 
geometry in detail, computing the complete three-dimensional curvature tensor as well 
as the second fundamental form, and give also some results on the structure of the 
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geodesic flow. Since an explicit description of the geometric properties of these hypersur- 
faces is possible, we are able to make precise statements about the spectra of the scalar 
Laplacian and the Dirac operator and also about the existence of solutions of spinorial 
field equations. In particular, we show that there are no L^-harmonic functions for ev- 
ery p > 1 and arbitrary curves, and that for curves arising by Mobius transforms from 
closed curves the spectra of the scalar Laplacian and the square of the Dirac operator 
come arbitrarily close to zero, implying that zero lies in the spectrum of the considered 
operators. In the mentioned case, it also turns out that zero lies in the spectrum of 
the Dirac operator. In case that the considered curves are generalized circles in C that 
arise by Mobius transforms from circles in C with center at the origin the L^-kernel of 
the Dirac operator in the sense of spectral theory can be computed explicitly and we 
show that it is trivial. As it turns out, these hypersurfaces do not admit solutions to 
the Einstein-Dirac system; such solutions can only be obtained by deformation into a 
singular situation. Nevertheless, we can construct explicit examples of T-Killing spinors, 
which are solutions of a generalized Killing equation for spinors. 

Hopf tori have been extensively studied, see e.g. ||2^, and where first considered by 
Pinkall li tt : denotes the Hopf fibration, the inverse image of any closed 

curve in 5*^ will be an immersed torus in S'^, which is called a Hopf torus. Using Hopf 
tori Pinkall showed that every compact Riemann surface of genus one can be conformally 
embedded as a flat torus into the unit sphere S^. As a further application, and using 
elastic curves in S"^, he constructed new examples of compact embedded Willmore sur- 
faces in , which are extremal surfaces for the Willmore functional / Sj dA, where 9) 
denotes the mean curvature. 

The Eguchi-Hanson metric is a four-dimensional metric, which can be constructed 
in the total space of the fibration p : r*P^(C) P^(C) ~ S*^, and since its holonomy 
is contained in SU(2), it is Ricci flat and self-dual. Both the Hopf fibration tt and the 
projection p are compatible with the action of U(2) in C U {c»}, and, like the stan- 
dard metric in S^, the Eguchi-Hanson metric is invariant under this action. Therefore, 
its restriction to the three-dimensional projective space P'^(K), which is immersed in 
T*P^(C) as the set of all cotangential vectors of unit length, corresponds exactly to the 
standard metric in S^. For this reason the projection p is a geometric extension of the 
Hopf fibration, and the preimage of any closed curve on S"^ under the projection p gives 
rise to a three-dimensional non-compact Riemannian manifold foliated in Hopf tori. Its 
end is of topological type x (0, oo)/ {±1}, where is the two-dimensional torus. 
Nevertheless, the corresponding Willmore functional turns out to be unbounded, so that 
the considered hypersurfaces are not accessible to integral geometry. The interest in 
Eguchi-Hanson space itself originates from a result of Schoen and Yau , who proved 
that a complete asymptotically Euclidean four-manifold whose Ricci tensor vanishes is 
necessarily flat. For Ricci flat asymptotically locally Euclidean Kahler metrics this turns 
out not to be true, the first example of such a metric being given by the Eguchi-Hanson 
metric [Q. 

We give now a description of the main results of this work. The Sections J|, i and 
p are concerned with the geometry of the hypersurfaces studied, the Sections o, B and 
I with the spectra of the Dirac and the Laplace operator, while Section ^ is devoted to 
the study of spinorial field equations. The Eguchi-Hanson metric is described in Section 
Ij: it depends on a real parameter t > 0, thus giving rise to a one-parameter family of 
Riemannian metrics gt- These metrics become degenerate along the zero section in case 
that t = 0. For any curve T{s) = r{s)e^'^'^'^'^^ in CU{oo} ~ P^(C) we consider its preimage 
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Mp := p^^{r) and obtain a family of hypersurfaces (Mp, ht), where we assume that r(s) 
is parametrized by arc length and ht denotes the induced Riemannian metric. Each of 
these hypersurfaces is a complex line bundle over F, and introducing the polar coordinates 
g and (p in each fiber, we obtain a parametrization of Mp outside the zero section by 
the coordinates s, p, (p, see Section ^. Since the coefficients of ht do not depend on ip, 
the corresponding 5 ^-symmetry is an isometry. We determine the inner geometry of the 
hypersurfaces and in Theorem page |l^, the complete Ricci tensor is computed with 
respect to an orthonormal frame, one eigenvalue being positive, one negative and the 
third one becoming negative at infinity, yielding, for the scalar curvature, the expression 



It is negative and tends to zero for large g and r with the order l/g'^{r'^ + 1). For t ^ 0, 
S remains regular ai g = 0, i.e., the scalar curvature vanishes on the zero section. In 
Section ^ we turn to the study of the Levi-Civita connection of the Eguchi-Hanson space 
and determine the second fundamental form of the hypersurfaces Mp with respect to the 
above orthonormal frame, thus obtaining 



II* 



f 

^ ^ 



see Theorem ^ on page |2^, and Corollary ^ on page ^ where K is the function K = 
2g^(r^ + l)^/A/p^(rM-lp-M^ and f) denotes the mean curvature. It is given by the 
geodesic curvature kg of F as a curve in S'^ according to the formula 



^^4(^2 + 1)2+^4 



kg. 



This appears to be natural, since the geometry of the vector bundle r*P^(C) is deter- 
mined by the elliptic geometry of (C) ~ 5^ . The above formula also implies that Mp 
is a minimal surface if and only if kg = 0, i.e., if F is a great circle in S^. Further, 
since the function gi^(r^ + 1) corresponds to the distance in T*P-'^(C), both the scalar 
curvature S and the mean curvature ^, as well as the components of the Ricci tensor 
and of the second fundamental form, are manifestly invariant under the action of the 
isometry group U(2). Section ^ contains some results concerning the geodesic flow of the 
hypersurfaces Mp. So, in case F is a circle in C with center at the origin, we are able to 
compute the distance of a point in Mp to the curve F C Mp, i.e., to the zero section, see 
Proposition ^ on page ^ and, in this way, to calculate the exponential growth of Mp 
explicitly. 

In Section ^ the vanishing of the L^'-kernel, p > 1, of the scalar Laplacian on the hy- 
persurfaces (Mp, ht) is proved for every t > and every curve F by showing the existence 
of a canonical exhaustion function on the considered hypersurfaces, see Proposition ^ 
and Corollary ^ on page The result then follows from the work of Greene and Wu 
[p^ , who studied integrals of certain generalized subharmonic functions on connected 
non-compact Riemannian manifolds admitting such a function, and showed that these 
integrals cannot be bounded. For the smallest spectral value of the scalar Laplacian we 
obtain, in Section ^, the first estimate 

Ato(M^) < t > 0, 
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where F is a closed curve, see Corollary ^ on page ^6|, since by general theory lower 
bounds for the Ricci tensor of open complete manifolds imply upper bounds for the 
smallest spectral value of the Laplace operator By using the min-max principle we 
are then able to determine the infimum of the spectrum of the closure of the Laplacian 
A on (Afp, ht), obtaining 

inf cr(A) < 5 

for every S > and arbitrary i > and closed curves T. Since, by Corollary^, zero can 
be no L^-eigenvalue, we therefore get that zero lies in crcss(A), the essential spectrum 
of A. A result of Brooks Q then implies that in this case the hypersurfaces A/p must 
be of subexponcntial growth, generalizing the previously obtained result. Section ^ is 
devoted to the study of spinorial field equations. In [|| Fricdrich and Kim showed that in 
dimension 3 the existence of a solution to the Einstein Dirac system is equivalent to the 
existence of a so-called Weak Killing or WK spinor. For the existence of such a spinor 
geometric integrability conditions that are independent of the considered spin structure 
are known, and we show that, for t > 0, these conditions can never be fulfilled, implying 
that there cannot be any solutions to the Einstein Dirac system on the hypersurfaces 
(Mp,/it) for any t > and any curve F, see Proposition |l^ on page ^ Nevertheless, 
such solutions can be constructed explicitly with respect to the trivial spin structure in 
case that t — 0, the manifolds considered then being no longer complete. As remarked 
above, the Eguchi-Hanson metric is self-dual and, due to this, there is a parallel spinor 
on Eguchi-Hanson space. By restricting this spinor to the hypersurfaces C T*P^(C) 
we show in Proposition |l^ that there exists a T-Killing spinor on Afp if and only if A/p is 
a minimal surface. The spectrum of the Dirac operator D is studied in Section ^. There 
we show, by estimating the Rayleigh quotient from above and using again the min-max 
principle, that the infimum of the spectrum of D on (A^p, ht) becomes arbitrarily small, 

infcr(D^) < 6, 

where S > and F is a closed curve, see Theorem ^ on page t > being arbitrary; 
here the involved spin structure is again the trivial one. In this case it also follows that 

G (t{D), by explicit construction of an approximating sequence. In case that F is a circle 
in C with center at the origin, an isometric x S'^-action is given and the L^-kernel 
of the Dirac operator and of its closure decompose into the unitary representations of 
this action according to the spectral decomposition of the corresponding generators i d^, 

1 ds , and with respect to the trivial spin structure one obtains 

KerL2(D|(j,^3yP)) nQ®Hp, 

fj=-l-2,... 

while on A/p the L^-kernels of the Dirac operator and its closure turn out to be trivial. 
Thus, in this case, G cr^gs(D). Since Afp and Af^p are isometric for every A G U(2), 
statements for a particular curve in CU {oo} can be generalized to curves that arise from 
it by Mobius transforms. 

2. The Eguchi-Hanson space (T*pi(C),5t) 

Let G be a finite nontrivial subgroup of U(to) that acts freely on C™ \ {0}. Then 
C™/G carries an isolated quotient singularity at zero and any resolution (Af, tt) of C"YG 
is a non-compact complex manifold. A Kahler metric 5 on A/ is said to be asymptotic to 
the Euclidean metric h on C^/G if there is a smooth surjective map / : Af — > C"YG such 
that /~^(0) is a connected, simply connected, finite union of compact submanifolds of A/ 
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and / induces a diffeoniorphisni M/ f ^(0) ~ (C™/ {0})/G. Under this diffeomorphism 
/* (g) should satisfy 

(1) /,(.g) = /, + 0(r-4), V/,(.9)-0(r-^), V^/.Cg) ^ 0(r-6) 

for large r, where r is the distance from the origin and V is the flat connection in C"^ /G. 
Such a metric is called an asymptotically locally Euclidean or ALE metric. Notice that 
the topological type of the end is given by a quotient of the Euclidean space. In the 
following we will mainly be concerned with the case of m = 2. 

In po| Schoen and Yau proved that a complete asymptotically Euclidean four-manifold 
whose Ricci-tensor vanishes is necessarily flat. Nevertheless, a similar statement for 
Ricci-flat ALE Kahler-metrics does not hold, since, as mentioned, the topology of the 
end differs from the topology of Euclidean space. An important class of Ricci-flat Kahler 
metrics which give rise to ALE spaces is given by the so-called hyperkahler structures. 
In the case of an oriented four-dimensional smooth manifold X a hyperkahler structure 
is a metric whose holonomy is contained in SU(2). A manifold with such a structure 
is Ricci-flat and self-dual, and its metric is Kahler with respect to each of the three 
anticommuting complex structures. Alternatively, a hyperkahler structure on X may be 
deflned to be a triple of smooth, closed 2-forms cti , (T2 , era on X that can be represented 
locally according to 

(2) ai ^ h Ah + h ^h, (J2 ^ h Ah - h Mi, era ^ h ^ h + h ^ k, 

where (^i, . . . , ^4) is a local oriented frame of 1-forms on X. The systematic construction 
of ALE metrics with holonomy SU(2) as hyperkahler quotients was initiated by Hitchin 
[ p^ and carried over by Kronheimer who studied the spaces C^/G for general 

polyhedra groups G C SU(2) and showed the existence of hyperkahler metrics on the 
resolution M for the considered groups G, giving a complete classification. For cyclic 
groups these metrics are explicitly known. 

The first example of a hyperkahler ALE four-manifold was found by Eguchi and 
Hanson Q. We will now briefly proceed to describe its construction. Let m = 2 and 
G — 7^2 and consider the mapping 

The image of under $ is 

X := Im<f> = {(wi,W2, W3) e C'^ : W1W2 = W3} , 

and (f> induces a bijection <f> : C'^ / {±1} X so that X becomes analytically equivalent 
to C^/ {±1}. The canonical bundle over pi(C), 

H := {{l,v) e pi(C) xC^ -.vel}, 

can be described explicitly as follows. If one introduces the homogeneous coordinates 
[a : (3] in P^(C), then the total space H consists of all equivalence classes of triples [a, /?, 7] 
with respect to the equivalence relation {a,(3,j) ~ {Aa,A(3,'j/A), where A £ C*, i. e. 

H = {(a,/3,7)G(C2\{0})xC}/^. 

The one-dimensional complex tangential bundle TP^ (C) is biholomorphic to the square 
of the dual of the canonical bundle 

TPI(C) = H* ®H\ 

from which one obtains, for the cotangential bundle T*P^(C), the description 

T*pi(C) = H^ = {(«,/?, 7) e (C^ \ {0}) X C} / ^1, 
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with the equivalence relation (a,(3,j) ~i {Aa, Af],'^ / A^). Notice that is simply- 
connected. We define now the mapping 

TT-.H^^X, 7T{[a, P, 7]) = (a^j, apj). 

The preimage of the point (0,0,0) under tt is the zero section of the bundle H^. Away 
from this set tt : \ P^(C) — > X \ {(0, 0, 0)} is bijective, and hence {H^,tt) represents 
a resolution of the singularity of C^/ {±1} at zero. Summing up one obtains the diagram 

r2 




CV{±1}' 

where the mapping tti is given by the formula 7ri([Q!, /3, 7]) = [a^^, (3^^]. The closed 
holomorphic 2-form dzi A dz2 and the function ui := |zi|^ + |z2|^ on arc invariant 
under reflections at the origin, descend to C^/ {±1} and, thus, lift to forms on H^, which 
we will denote by dzi A dz2 and ui as well. 

We come now to the description of the Eguchi-Hanson metric. Following [O we 
consider, on the complex manifold H^, the family of real-valued functions ft G E^'{H'^) 
depending on the parameter 



Here the function ui : R is explicitly given by ui{[a, (3,^]) = (|a|^ + |/3|^)|7|, 

from which it follows that, away from the exceptional curve, i.e., the zero section, ui is 
a smooth function, and the same holds for ft- For t>Q the associated form 

is regular even in the exceptional curve and thus defines a Kahler form on . For using 

homogeneous coordinates we can define a complex analytic structure on as follows. 

Let Ua = {[a, /?, 7] : a ^ 0} , Up — {[a, /3, 7] : P ^ 0} be open subsets in and define 
the homeomorphisms 

h^:U^^ C\ [a, /3, 7] = [1, /3/a, ^a"] ^ (/3/a, ^a"), 

hp:U^^ C2, [a, /3, 7] = 1, 7/?'] >—> 7/3^). 

Since ha ° h^^ : hp{Ua H Up) ha{Ua H Up) is a biholomorphic mapping, this gives a 
complex analytic structure on H^. We can therefore choose the functions /3 and 7 as 
local coordinates in Ua by setting a equal to 1, so that d : £^P''i^H^) — > £^p+^'1'> (H^) 
and d : S'^P'^^H'^) (i/^) are given by 

d^—dp + —dj, d=-=dp + —d^ 

dp dj dp 07 

on Ua- The regularity of uJt for t > then follows by noting that the derivatives of 
ft with respect to 7,/?, 7 and P become regular (note that mi = (1 + PP)\/i^ )■ For 
example, in C, one has 



no/ /r-|9 — 71 .2, \z\ \ + 2t^zz + (2t4 + zz)Vt* + zz ^ 

ddl V z 2 + <4 + f2 - ' ' ^ , ^ dz A dz. 

l^' ' V|z|2+i4+t2 J A{t^ + Zz){f^ + V^TTz)-^ 



HYPERSURFACES IN EGUCHI-HANSON SPACE 



7 



In case that t — on has /o = ui, and loq becomes degenerate along the zero section. 
On the Kahler form ut induces a Riemannian metric through the formula 

where J denotes the complex structure of H^. For t ^ {H^,gt) becomes a complete 
Riemannian manifold. 

The complex manifold ikf := \ P^(C) is an open dense subset of H^, so it suffices 
for the study of the geometric properties of i?^ to consider ujt as well as the other 
relevant geometric objects just on M"*. Further, since tti maps bijectively onto 

\ {0} / {±1}, ojt can be explicitly computed on M"^ with respect to the coordinates 
zi, Z2- For Ul — zizi + Z2Z2 E £*^'''(R^) as a function on one has therefore 

dui 

d Zi ' ' dzi 



dui 



1=1,2 

dui = zidzi + Z2dz2, 



dz, e £''"{1 



dui = zidzi + Z2dz2 



see e. g. ||2^, which yields d ft — {y/uf + f/ui) dui and thus 



UJt 



iWuj+t^ 



I |zi|^ dzi A dzi + |z2|^ dz2 A dz2 + Z1Z2 dz2 A dzi 



+ Z1Z2 dzi A dz2 \ + '4-^^ — ^ {dzi A dzi + dz2 A dz2} ■ 

J Ul 

The form dziAdzj is expressed with respect to the coordinates zi — xi +iyi, Z2 = X2 + iy2 

by 



dzi A dzj = dxi A dxj + dyi A dyj 


— i{dxi 


A dyj 


and the action of J is given 


by J{d^ 


) = 9, 


J{dy 


J = - 


restricted to Af* then gives 












( Gi 







-G3 \ 


9t = 





Gi 


G3 - 


-G4 


-G4 


G3 


G2 







^ -G3 


— G4 





G2 ; 


where 










Gi^G- H{xl 






G2 


-G- 



Computation of gt 



G3 = H{xiy2 " yia;2), 



G4 = H{xiX2 + yiy2), 



and G, : Af ^ ^ K are the smooth functions 



For later use we define the smooth function 

K : -> R, K ■.= G- Hui = 4G-^ 

From this it becomes evident that gt satisfies condition (|l|). One further computes the 
volume form dM"* — ujt A ujt to be V{dzi A dzi A dz2 A dz2), where V = 2. By the 
general theory of Kahler manifolds the Ricci-form Ric — idd log V then vanishes 
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and it follows immediately that the Riemannian curvature tensor with respect to the 
decomposition S^{M^) = f\\{M^) ® f\^AM^) is given by 



R 



( w+ 






B* ^ 




^ W+ 




\ 






J 




K 


I) 



where W- and W+ are the negative and positive part of the Weyl tensor respectively, B is 
the trace-free part of the Ricci tensor and S denotes the scalar curvature. The condition 
B ~ implies that {H'^,gt) is an Einstein space and the vanishing of W- means that 
{H^,gt) is self-dual; the latter is equivalent to the statement that the bundle /\_(Af^) is 
flat which in turn implies that there exist three parallel forms on f\^_{M^). These forms 
can be chosen as uj^ and the two closed 2-forms <T2^ (J^ defined by CT2 + iu^ ~ dzi A dz2. 
One can show that the triple (cji, (72, (73) may locally be written in the form (^) and thus 
forms a hyperkahler structure on M'^ and hence on H^. 
We consider now the projection 



P 



T*pi(C) — > pi(C) = C U {00} 9^ 5*2 



which is explicitly given by [a,/?, 7] 1— s- [a : /3] 1— s- a/ (3. The function ui is invariant 
under the standard action of U(2) on resp. \ {0} / {±1} ~ M^, which is given 
by its matrix representation. On the other hand, U(2) acts as a group of holomorphic 
transformations on C U {00} by the so-called Mobius transform 



a b 
c d 



az -\-b 
cz + d' 



resp. on P-'(C) by 



a b 
c d 



[a : /3] = [aa + &/3 : ca + d/3] . 



Taking the mapping p := po ttj^ ^ : \ {0} / {±1} P^(C), which is given by p[zi, Z2] 
[zi : Z2], one therefore sees that 



a b 
c d 



[Zl,Z2_ 



a b 
c d 



P[Zl,Z2\, 



which means that the diagram 



ij2\pi(C) 



TTl 




C'\{0}/{±1} 



is compatible with the group action of U(2). Since the set \ {0} / {±1} is mapped by 
U(2) onto itself, it follows that, by extending the action of U(2) to H^, the exceptional 
curve in must be mapped onto itself, too. The projection p : P^(C) is therefore 

also compatible with the U(2)-action. Since ui vanishes on the zero section, it becomes 
U(2)-invariant on H^. The Kahler metric Ut and the Riemannian metric gt, which are 
defined by means of the function m, are thus also invariant under U(2) in H^. 
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3. HYPERSURFACES IN (T*P^(C),gt) AND THEIR INNER GEOMETRY 

We now introduce certain hypersurfaces in r*P^(C) and to this end consider for any 
curve r(s) = u(s) + iv{s) = r{s)e^'^^^^^ in C U {00} its preimage 

:= p-\T) = {[T{s), 1,7] e 7 e C} , 

obtaining a real three-dimensional hypersurface in H^. Let ht be the Riemannian metric 
on Mp induced by gt- The three-manifold Mp is open and in case of a closed curve its 
end is of topological type x (0, 00)/ {±1}. where T'^ = x is the two dimensional 
torus. The hypersurfaces Mp are asymptotically flat, but no ALE spaces, since their end 
is not modeled on the end of M.^/G . Note that Mp is a one-dimensional complex vector 
bundle over F. 

Since p : P^(C) is compatible with the action of U(2), and since gt and hence hi 

are invariant under this action, Mp is mapped isometrically onto M;^p, where A € U(2). 
Remember that under Mobius transforms generalized circles in C are mapped again into 
generalized circles. 

We will now compute the inner geometry of the hypersurfaces Mp and assume from 
now on that r(s) is parametrized by arc length. Using the projection p one obtains a 
parametrization "if : [0, Lr) x (0, 00) x [0, 27r) 7ri(Mp fl M"^), (s, g, ip) [xi,yi, ^2,2/2] 
of the hypersurfaces Mp outside the zero section 

Mp n M^ ~ I g{u{s) cos ip — v{s) sint^), g{v{s) cos ip + u{s) sini^), g cos ip, gsinip^ | , 

where s is the length parameter of F and = g ■ e^"^ e C* denotes the parameter of 
the fiber over F. All the following calculations will be performed in Mp n M^, which is 
dense in Mp. The vector fields on Mp induced by the parametrization * read 

ds = ^* (ds) = (^g{ucosip — vsinip), g{v cos (p + ii simp), 0, 0^ , 

dg = 5** (dg) = (u COS ip — V sin ip, v cos ip + u sin (p, cos (p, sin ip^ , 

= {d^) = ^ — g{usva.ip + vcosip), —g{vs\atp — ucosip), —gsinip, g cosip^ . 

Further, one has 

|F(s)|' = u2 + ^2=^2+rVr = l, 

since ,s is the arc length parameter of F. Note also that uii + vii = rr and uv — vii = r^tpr- 
Moreover, outside the zero section the following identities hold: 

{xl + yl)\j^s = o'r^ , (4 + ) I j^^3 = , 

{xiy2 - 2/ia;2)|^3 = {xiX2 + yiy2)^^^ = ug^, 

and Mi|Mj? = p^(r^ + !)• Let ht be the Riemannian metric on Mp induced by gt- In the 
case of a closed curve F the hypersurface (Mp, ht) is a complete Riemannian manifold 
for t ^ 0. Making use of the above relations one obtains the following proposition. 
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Proposition 1. On M^dM^, the coefficients of the induced Riemannian metric ht with 
respect to the local coordinate frame {ds,dg,d^} are given by 

hu = {K + Hq^)q'^, hi2 = rrgK, 

hi3 = iprr'^g^K, /122 = (r^ + 1)K, 

h2z = 0, /133 = (r" + 1)q'K. 



□ 



The function K is given on Mp fl by the formula 

r._ 2g^(r^ + l) 

and the functions G and H by 



^ _ 2^e\r^ + l?+t^ jj,^ 2t^ 

+ ' ■ ^4(^2 + 1)2^^4(^2 + 1)2+^4- 

In order to compute the relevant geometric quantities of Mp it turns out to be con- 
venient to work within the framework of Cartan. For this purpose we determine an 
orthonormal frame with respect to ht by the ansatz 

(3a) Yt = ^=dg, Y2 = -^d^, Y3=Dds+Edg+Fd^. 

V /I22 V "33 

The vector fields Yi and Y2 arc normalized to length 1; since /123 = 0, they arc orthogonal 
to each other. From the condition ht{Yi,Y3) = /it(F2, 13) = together with /it(F3, 13) = 
1 one obtains 

(3b) D = /i22S, E=-hi2T,, F = -^E. 

e 



Here we have introduced the function S := Q^/{dethty^ and one computes 

det ht = h22{hnh33 - hl2Q^ - /i?3) = 4(r2 + l)Kg^ = + = > 0. 

The vector fields {Yi, 12, ^3} are defined on Mp n Af^ and outside the exceptional curve 
do represent a global section in the frame bundle of Mp. Note that since /?,22 is positive, 
D is always positive. The local base of 1-forms {o;^, w^, w^} dual to the orthonormal 
frame is then given by 

(4) = \/h^[dg - —dsj , lo'^ = \/h^(^dip - —dsj, lo^ = —ds, 

and the connection forms ujji = ht{VYj ,Yi) of the Levi Civita-connection V on Mp as 
well as the components of the Riemannian curvature tensor R-j^i^ = RkUj are uniquely 
determined by Cartan's structure equations 

3 



(5) rfw* = ^ uJij A uj^ , 

3 ^3 

(6) dxJij = ^ Wifc A uJkj + ^ X] ^kii'^'' ^ ^' • 



2 

fc=i feJ=i 



We determine now the connection forms of the considered hypersurfaces. 
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Proposition 2. With respect to the orthonormal frame the forms toji of the Levi- 
Civita connection on il/p n are given by 

^1. --^^{\ + lilo,Kla) = (l + |(log/0.) {d^ - ^d,' 

1 1 

^^13 = ^(logD).eCj = - (logD),gds, 

V'i-22 D^/tl22 

^23 = 0. 

Proof. Using the orthonormal frame {Yi, 12,^3} on Mp n M^, the components of the 
Levi-Civita-conncction can be obtained via the formulas 

(7) 2ht ( Vy. Y, ,Yu) = ht{[Y,Y,],Yk) ~ ht{ [Y, ,Yu],Y,) + ht{[Yk, Y] , ) , 

resulting from the Koszul-formula. A direct computation of the commutators yields 

1 fl IK, 



t22 ^ ' ^"-22 

„ \ _ 1 D ^ 



[^2,^3] = ( ^^Q\2rrK + (r^ + + __(^2 ^ l)(2ei^ + ^2^^,^) ) Y^. 



Now, a short calculation gives 

(8) (r2 + 1)X , = rrgJC,,, 

by which one further calculates 



D(2rrK + (r^ + + E{r'^ + l)K^g = 2{r^ + l)rfii'2l], 

which shows that the first coefficient of [YijYs] vanishes. Similarly, it can be seen that 
the second coefficient is also zero, since 

F„ . 1 / . 1 „ 1 

1 „ 1 



and by using (^) again one sees that the commutator [I2, X3] vanishes completely. In the 
equations (ffl) therefore only the terms 

ht{[Y2.Y,],Y2) = ^(- + UlogK).^ , /it ([^3, 1^11,^3) = --^(logD),,, 

are non-trivial, and for the forms this gives the stated expressions. □ 
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Summing up, one obtains that the structure equations (|^) read 

doj'^ = W21 A + W23 A = (- + l-{logK) g] Lu^ A 

V^22 VP 2 y 

duj^ = W31 A w"^ + W32 A = -^(logD) gtj^ A w^. 

We are now able to compute the components of the Riemannian curvature tensor as 
well as the Ricci tensor and the scalar curvature of the hypersurface Mp. 

Proposition 3. With respect to the section (^), the components of the Riemannian cur- 
vature tensor R of the hypersurfaces (M^^ht) are given by 

i?i2i2 = f-(logif),e + (log if),,, 

i?2323 = Q + (logA'),,^ (logi?),,, 

^1313 = ^ (-2(logi?),,, + (logX),,(logi?),, + 2i\ogD)l) , 
while i?i2i3, i?23i2 o.nd -R2313 vanish. 

Proof. We calculate the components of R by using the structure equations (^) of the 
hypersurface Mp. By Proposition ^ the 2~forms W13 A (^32 and 0^12 A W23 vanish and 

W2I A Wi3 = ( - + i(logX),g ) (log D) UJ^ /\UJ^. 

'122 \f? ^ / 

Further, the differentials dujij of the connection forms are given by 



(|(logif),,) ^d^?Ad^+ (|(logif),,) ^dsAdcp 
^(l + |(logif),,)^ dgAds 

h\OgK),g+^(lOgK)^gg) C,' A C,' 

i(lOgif),, + ^ilOgK)^gg) + |(l0gif),,,^ ) A C^3^ 



t33 ^ V"33 

dwi3 = - (—-^= (log dgiAds 

\Dy/h22 J 

-jL^lOgD),gg + -L.{\0gK),g{\0gD),g + ^(logi?)^^) Uj' A u\ 

duJ23 = 0, 

and one obtains the stated formulas for the components Rijki of the curvature tensor by 
using (H). Notice that 

((log if),, + f?(logif),,,)i? + g{\ogK),,gD 

= ((log if),, + ^?(logif),„) i-rrgKi:) + g (^-|^(logif ),,j (r^ + l)ifS = 0, 

implying that i?23i2 vanishes. □ 
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Theorem 1. The components Rij of the Ricci tensor Ric of the Riemannian C° 
manifolds (M^^ht) are given with respect to the orthonormal frame (H) by 



2t 







Ric 



and the scalar curvature is 





-4t^ - g%r^ + 1)2 



S = Ri 

Proof. One computes 

(log if),, - 



R22 + R33 — — 



f?4(r2 + 1)2 



(e4(r2 + 1)2+^4^ 



3/2 ■ 



(logif),,e 
(logs),. 



(^^4(^2 + 1)2+^4)^ 

2t4 



Sf^g^r^ + ly 



[g^r^ + 1)2 + t^) g^ (^4(^2 + 1)2 + ^4^" 



(logi?),, - (log/C),, + (logs),, = -- + lilogK),,, 

g 2 

obtaining thus, with the previous proposition, for the components Rij = X]fc=i R 
the Ricci tensor that 



ikkj 



of 



Ri 



2h 



22 
1 1 
g"^ g 



-(logX),,-(logif),,,-(log/0, 



- + i(logif),, 
£» 2 



1 



1 



-R22 



2h22 

1 

2h^ 
1 



■ 4 
1 

' Q 



(logif),, + -{logKY^ + 2 K + o(logif), 



1 1 



-(logX)2^ + 2^(logX),, 



2h22 \ g 

1 



--(logi^),, - (logif),,, + -[2 + e(logif),,j [-1 + |(logif), 
-i(log/^),, - (logif),,, -\ + \i\ogK) 



2h. 



1 1 



(logif),, + -(logX),, - 2 - - -(logX),, + -(logX) 



1 1 



1 



2 1 l + i(logX).,J + ^(2 + e(logX), 



9 



Q Q 

-i + i(logif),, 

g L 



2h2 



(logK) 



• ee 



i(logif)2^ + ^(logi^),,-A), 



the remaining coefhcients being equal to zero. In the same way as the components of the 
Riemannian curvature tensor turn out to be bounded when p ^ 0, the components of 
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Ric and thus S stay bounded, too. Explicitly one has 



3/2 



(e4(r2 + l)2+t4^ 



X 3/2' 



^2 



^22 = (- J (p^(r^ + 1) + 1^) + 

2f)2(r2 + l)2/p4(^2 + l)2 + i4j \ S ^ 

+ ^ {e\r' + If + 1') + 4t'QHr^ + 1)' - ^ (^'(^' + 1)' + + 1)')) 

^ 2^^ - g^(r^ + 1)^ 

~ / N 3/2 ' 

2(/(r2 + l)2+f4j 

^33 = -37, (~ {Ar' + If + t') - UV{r^ + If 

2^2(^2 + 1)2 (^^4(^2 + 1)2 + ^4^ V ^ ^ 

^ + ^ {e\r^ + If + i') - ^ {s'ir' + If +t' + 2e\r' + ift^) 



Q Q- 

~ I \ 3/2 ' 

2(^4(^2 + 1)2 +i4j 

showing that the divergent terms cancel out and the assertion follows. □ 

Hence, the scalar curvature S is negative and tends as l/£)^(r^ + 1) to zero as q and 
r go to infinity. For t ^ all components of the Riemannian and Ricci tensor as well 
as S remain regular at = and are therefore defined everywhere on the Riemannian 
manifolds Mp . For t = the scalar curvature degenerates at g = in concordance with 
the fact that the hypersurfaces Mp are no longer complete in this case. 

4. The second fundamental form of the hypersurfaces Mp 

We proceed now studying the second fundamental form of the hypersurfaces Mp. In 
order to do so, we need the Levi-Civita connection V of the Eguchi-Hanson space 
{H'^,gt). It can be obtained from the Koszul formula, which reads for commuting vector 
fields as follows: 

2ffi(Vf V, Z) = Xigt{Y, Z)) + Y{gt{Y, Z)) - Z{gt{X, Y)). 

In the following we will denote the coordinates xi,yi,X2,y2oi the dense complex manifold 
M'^ C H"^ by xi,X2,X3, X4 so that the components of V"^ on M^ are given by 

Because of the symmetry 

(10) gkl{Xm) = 9kT{xm), k:=k + 2 mod 4, 
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of the covariant coefficients of the metric one obtains, for the Christoffel symbols, the 
relations 

(11) ^klmiXn) =Tf,ij^{Xn). 

Now the contravariant coefficients g^^ of gt are given by the matrix 



1 



9t 



Vdct gt 



( G2 





G4 


G3 





G2 


-G3 


G4 




-Gs 


Gi 





\ Gs 


G4 





Gi 



where dct gt = (G1G2 — G3 — G|)^ = 16. Further, the derivatives of the functions G and 
H are 

with / 2t'^{iu\ + t'^)/u\{u\ + t^)'^/^. A straightforward calculation yields the Christof- 
fel symbols of the first kind. 

Proposition 4. The Christoffel symbols of the first kind of the Eguchi-Hanson space 
{H^,gt) are given on by 



Tni = -xi{2H-I{xl+xl)), 
Tn2^M2H-Iixl + xl)), 



1 



rii4 = -21(^x1x2x3 + ^X4{xl -xD], 

Ti3i^-X3iH-Iixl+x^)), 

2 I „2\ 



Tin = 2I\^XiX2X4 + -^XsiXi - X2) j , ri32 = X4{H - I{Xi + X2)); 

the remaining ones can be obtained from these by taking into account the symmetry 
Tijk — Tjik as well as the relations ( |lll) together with the additional symmetries 

T22i — — Tlli, T44i — — Faai, T23i = ri4i, r24i — —Ti^i 

and 



ri2i — rii(i-i 



Ti4i — r 



13(i-l): 



r34i — r 



33(i-l) 



for i even, 



ri2i — — rii(j+i), ri4i — — ri3(j+i), r34i — — r33(j+i) fori odd. 



□ 



The Christoffel symbols of the second kind are derived from these formulas as indicated 
in (|^). By the symmetries of the Levi-Civita connection it is sufficient to compute 
only six of them explicitly. So one has 



Fl, = -^xiG{2H - lixl + xD) + \h 



xi{xl+xl){2H - I{xl+xl)) 



21 



1 



{X1X3 + X2X4) ( X1X2X4 + ^X3{x\ - xl) 



{X1X4 - X2X3) ( X1X2X3 + -X4(a;2 - xl) 



xi 



1 



1 



-G{2H-I{xi+xl)) + -H^{x^ 

2 , J2.\fJ2. 2\ , r,r^2 2 , 2 2\ 



1 

4^^ 



(xf + xl){xl + xj) 



+ + ^4){^1 ^ ^2) + 'i(X2X^ + ^2^3) 



xiAi, 
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where we have introduced Ai — ^H^{xl + x^) — \G{2H — I{x\ + x^))- In a similar way 



one obtains 

Further one checks that 
1 



1 



rii3(a;? + xl) 



— {2H — I{xl + a;2))[a::i(a;iX3 + X2X4) + X2{xiX4 — X2X3)] 
= ^GFiis - ^H'^{2xiX2X4 + X3{xl - xl)) 



- ^113{xl + xl) + I{xl + X2){2xiX2X4 + — 0:2)) 



as well as 



]^C{xiX2X4 + ]^xz{xl - xD), 



= -^C{xiX2X3 + ^Xiixl - xj)), 



where C = {IG — 2H^). Finally, one calculates 



13 - ^GFiai + - 



H 



ri3i(a;3 + xl) 



[H - I{xl + xl)) [ - Xi{x2X4 + X1X3) + X2{xiX4 - X2X3)] 



r?3 = X4B1, 



G{H - I{xl + xl)) + H^{-xl ~xl + xl + xl) 



X3{xl + xl){xl + xl) ~ X3{xl + xl){xl + xl) 



= -X3BI 



with Bi given by Bi = j[G{H - I{xl + xl)) + H'^{xl + x 



)] . Taking into 



account the relations ([lo|), one thus obtains that the r*^, are given as follows 



Proposition 5. The components F^ j, oj the Levi-Civita connection of the Eguchi-Hanson 
space {H^,gt) are given on by 



~X2Ai, 

C ( 1 / 2 2^ 

— I X1X2X4 + -a;3(a;i - X2) 



^ 11 — 



p3 
^ 11 



^ 11 



F^ 

^ 13 
^ 13 



_C_ 
~ 2" 

-2^3-Si, 

x^Bx, 



X1X2X3 + -0:4(0:2 - xl) 



p3 
^ 33 



33 



F^ 

^ 33 



2:3^2, 
-2:4^2, 

C f 1 / 2 2^ 

— I X2a;3a;4 +2^1 (^3 " ^i) 



^ 33 — 



p3 
^ 13 

p4 
^ 13 



c_ 
~ 2" 

-2:1^2, 
X2B2, 



X1X3X4 + -X2{xl - xl) ], 
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where 



B2 



\h\xI+xI)~\g{2H-I{xI+xI)), 



G{H - I{xl + xj)) + H^ixj +xl-xl- xl) 



1 
4 

\h^{x\+xI)-\g{2H-I{xI + xI)), 

1 

4 



G{H-I{xl+xl)) + H^{xl+xl 



A) 



andG ={IG-2H^). All reTnaining Vji^ can be obtained from the above by using — 
as well as the relations 



J- 11) 



33> 



■ 23 



13 



pi _ p(i-l) 

-•^ 12 — 11 ' 

pi _ p(i+i) 
■l 12 — A 11 ) 



pi _ p(i-l) 

J- 14 — 13 ' 

pi _ p(''+i) 

^ 14 — A 13 ' 



pi _ p(i-l) 
^ 34 — ^ 33 



- 34 



33 



for i even, 
for i odd. 



□ 



In order to describe the outer geometry of the hypersurfaces . we first determine 
a field of unit normal vectors N : Mp (TAfp)^ on Mp. Up to orientation such a field 
is given by the conditions 

gt{Yi,N) = 0, i = 1,2,3, gt{N,N) = l, 

which are equivalent to the system of equations 

Ni{ucos(p — vsiinp)K + N2 {v cos (f + u sin (p)K + N3K cos ip + N4K sin (p = 0, 

— A^i(usin<p + ucos ip)K — N2{v simp — ucos ip)K — A^sJt' sin + N^Kcosip = 0, 

^Niiii cos ip — vsinp) + N2{vcos(p + usinip)^{K + Hg^) — N^{cosip{vv + uii) 



+ sin'p{uv — vu))Hq^ — N4{sin'p{vv + mm) — cos 95(711' — vu))Hq^ 



0, 



{Nl + Nl){K + Hq") + {Nl + Nl){K + Hg 



2„2\ 



2{NiN^ - N3N2)vg'^H 



-2{N3Ni + NiN2)ug'^H = 0. 

By solving these equations with respect to the components Ni of the unit normal vectors 
one obtains the following proposition. 

Proposition 6. On Mp n a field of unit normal vectors is given by 



N = 



K 



2 V r2 + 1 



{wi,-W2,-rwz,rwi), 



where the functions un are 



wi = i) cos ip + iisin tp, 
W3 = r sin + ripr cos ip. 



W2 =u cos ip — vsm ip, 
W4 = r cos (p — ripr sin ip. 



□ 
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We note that W2 and wi can be viewed as the real and imaginary part of f (s)e**', 
W4 and as the real and imaginary part of T{s)e^'^e~^'f'^ respectively. By construction 
the hypersurfaces Mp are imbedded in H^. If N denotes the field of unit normal vectors 
determined above, the second fundamental form of Mp is defined by 

(12) II ; X{M^ n M^) X X{M^ n M*) — > T{M^), ll{X, Y) = gt{X, Vif N). 

It is symmetric and bilinear. In the following we will write the coordinates s, q, as 
^1 ) %) and denote the components of II with respect to the induced frame of coordinate 
vector fields by 11^ . For shortness, we will simply write V for in the remaining of 
this section. Explicitly, 

, , Va„ . N{p) = ( iV, {p) + iV, (p) Va ) 5,. |p, 

(13) J \ J/ 

Va,,^ a^, |p = rfxfc(a^^)(p)r^j(p) 5^, |p, 

where p G Mp n M^. On Mp n M^ the coordinates a;i, a;2, x^, X4 can be expressed by the 
coordinates s, ip, g according to 

xi = gCi, X2 = q(,2, X3 = g cos If, Xi = g sinip, 

where we have defined 

Ci = u cos If — V sin if, (2 = V cos (p + u sin ip. 

Thus one obtains that on Mp fl M'^ the polynomials appearing in the expressions for the 
r^.j. are given by 



XIX2X4, + 


^2:3 (a^i 




\mI 




— sin (/J + (u^ — 


2x1 
V I - COS tp 
^2 ^ 


X1X2XS + 


1 / 2 


-x\) 


\mI 




uv cos + (u^ — 


.1 . 
)-sm(p 




X2X3Xi + 








2 


[usinyi + ucosy]. 








\x2{xl 






_ 

2 


[w sin if — V cos (/j] . 







We compute now the covariant derivatives Wd„.N. To this end we first note the 
relations 

W3 COS ip — W4 sin (fi = ripT , W4 cos (p + W3 sin ip — f, 

(14) W2 cos + t«i sin <y9 = u, cos <^ — W2 sin <^ = v, 

C1W2 + W1C2 = rr, Ciwi - C2W2 = r'^'pT- 

Because of 

rii = r{r cos ipr — ripr sin ipr) = ru — riprv, 
rv = r{r sin (pr + ripr cos <pr) = rv + ripru 

one has further 

(15a) rwi = cos (p{rv + r(p^u) + sm(p{ru — riprv) = U'W3 + VW4, 

(15b) rw2 = cos ip{fu — r<p^v) — sin (p{fv + r(pru) = —V'W3 + uw^, 



HYPERSURFACES IN EGUCHI-HANSON SPACE 



and thus 

(15c) rw3 = cosifriuws + VW4) — sunpr^—vw^ + uw^) = uwi — VW2, 

(15d) r?«4 = sin((9r(ww3 + vwi) + cos ipr{~vw^ + uwa) ~ wiv + W2U. 



Proposition 7. 



i=l 



where $ = —jHKg^r. 

Proof. By using the symmetries of the ChristofFel symbols F^^ one has 



1=1 k=l 
4 



4 r 



i K 



^ 2 V r2 + 1 

+ r*j3r(-U;3W2 - W4W1) + r*j4r(w4W2 - W3W1)) 

The first component of Vg^iV reads 



• 



1 / K 



2 V r2 + 1 



g'^r{Ai + Bi){fwi + r95r«^2), 



since by the relations (|4|) one has 



2T\-^^WiW2 + rj2(w^ - ^2) = Aiq{2CiWiW2 + C2(u'i - wl)) 

= Aiq[wi{C,iW2 + wiC,2) + W2{C,iWi - C2W2)] 
= AiQr{fwi + r(^rW2), 
r}3r(-W3ii;2 - W4W1) + r}4r(w4ti;2 - W3W1) 

= i?igr[cos (p{w2W3 + W1W4) — sin (^(u'4ti;2 — W3W1)] 
= i?i £ir [u'2 (1^3 cos (fi — Wi sin (p) + wi(w4 cos (/5 + ^3 sin 
= Bigr{w2ripT + wir). 

The second component is given by 



I K 
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as can be verified by an analogous calculation. As far as the third component is concerned, 
using also the relations (|l^) one computes 



1 



2Ti,wiW2 + ri^iwf - wi) = -q'C 



uv cos (p - 



- uv sm Lp - 
sin if j {w\ — u'2) 



cos Lp 2'WiW2 



uv{wi{—W2 sin ip + wi cos (p) + 102 (— iwi sin tp — W2 cos ip)^ 
{wi {'W2 cos </? + wi sin ip) + W2 [wi cos ip ~ W2 sin (^)^ 



-{wiU + W2V) 



uv(wiv — ^2^) 



WWl UW2, . UWi 

^ (I'M — uu) H uu + uuj H 2~ """" 2~ ''^^ 



and 



-p^C[(wwi + uw2)r^(pr + {uwi — vw2)rr] — -g'^r'^C{riprW4 + fw^) 



rl^r{-W3'W2 - W4W1) + Tl4r{w4W2 - W3W1) 

= B2gr[-(i{-W2W3 - W1W4) - C2(W4W2 - W3W1)] 

= B2gr[w3{CiW2 + C2W1) + W4,{CiWi - C2W2)] = B2gr'^{'W3r + W4r(pT), 



so that 



K 



2 V r-2 + 1 

In the same way one verifies for the fourth component that 

1 



g'^r'^ ( Tfi'^C' + B2 ) (rw3 + nprwi) 



dxiiVa.N) ^ N4^,+ 



K 



2 V + I 



g'^r'^ [ -tQ^C + B2 ] {~rw4 + riprw^) 



The stated expression for V a^N then follows by noting that the equalities 
Ai+Bi = ^{H^g\r^ + 1) - GH) = -\hK, 
\cg^ + B2 = \{IG - 2H^)g' + ^{G{H - Ig") - g\r^ - 1)) 

= \H{G-Hg^{r^ + \)) = -^HK 

hold and that the derivatives Ni^^ of the components of the normal vector with respect 
to If are given by the components Ni according to 



(16) 



Ni m — Ni^i for i even, 



N., 



-A^j+i for i odd. 



thus finishing the proof. We remark that, since Wgt = 0, one has that gt{N,WY N) ~ 
for all vector fields Y E X{Mp), and a computation indeed shows that the normal part 
of V9 N vanishes. □ 
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Proposition 8. 

Proof. One computes 

4 



VaN = 0. 



i=l 
4 



+ E ^''^ (rl/cCi + r2feC2 + cos ^ + sm (^) 



fc=l 



= E [^^.^^ + rn(^^iCi - ^2C2) + ri2(iV2Ci + iViC2) 

1=1 

+ rialiVaCi - iV4C2 + Ni cos if - N2 sin ip) 
+ ri4(iV4Ci + N3C2 + N2 COS Lp + Ni sin (p) 
+ r33(iV3 COS If — sin tp) + Tl^{N4 cos ip + N3 sin (/s) 



d.r. 



Once again we calculate the components of \7 g^N separately. By using the symmetries 
of the rj,, and (|l|), (||) one obtains 

rii(iViCi - W2C2) + r}2(Af2Ci + ^1(2) 

1 I i? 1 / i? 

= 2 Y ^2 ^ -^ ^ig[Ci(wiCi + W2C2) + C2(-W2Ci + W1C2)] = 2 V _^ -^ ^ig'"^^!' 



rJa (A^aCi - ^4(2 + A^i cos ^ - iVa sin ip) + TI^^ {N4C1 + + N2 cos (p + Ni sin ip) 
1 / r 

= ^2 Y ^2 1 ^^^ cos(^(r(-u;3Ci - W4C2) + Wi cosip + W2Sm(p) 
+ sin(p(r{w4(i — W3C2) ~ 'W2 cos(p + wi sin</j) 



1 / if 



2 V r2 + 1 



Big 



wi + rw4{(i sin (p — C2 cos (^) — rwa (C2 sin (p + (i cos (^) 



1 / K 



2 V r2 + 1 



+ rw4{—v) — rw^u] 



K 



2 V r2 + 1 



Big{l - r'^)wi, 



Fgg (iVa cos <p — N4 sin 1^9) + ( A^4 cos + sin ip) 



K 



4 V + 1 



— sin Lp + — cos iy9 ) cos ip — W4 sin <p) 



2 

1 / is: 



+ ( — sin ip — — cos p \ {-0)4 cos 93 — W3 sin p) 



8 V r2 + 1 
and, moreover, 



2 



if 



8 V r2 + 1 



1 



K 



1 



2 V r2 + 1 

A similar calculation gives for the second component the expression 

1 



dx2iVd,N) = N2.,e + 



K 



2 V r2 + 1 



g -{Ai + Biy +\Bi + -g'r'C W2. 
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One calculates further 



r?i(iViCi - iV2C2) + r?2(iV2Ci + iViC2) 

g^c rir 



r2 + 1 



uvsm(p + 



V? — v"^ 



COS(/9)(u;iCl+t«2C2) 



UV COS ip + 



V? — 



sin<^ (-m;2Ci +W1C2) 



g'C I K 
r2 + 1 



UV\ Wl 



+- 



y2 _ .,2 



(Ci sin If — C,2 cos ip) + W2 (C2 sin <^ + Ci cos <^)^ 
— (^wi {(1 cos (p + C2 sin (fi) + 11)2 (C2 cos <^ — Ci sin tp) j 

U — V 

Uv( — VWi + UW2) H r {uWi + 



r2 + 1 2 



■(uwi — ^^2) 



1 / K 



Q^r^Cw3, 



r2 + 1 



as well as 



r?3(iV3Ci - -^4C2 + Ni cos ip-N2 sin (^) + rf4(iV4Ci + ^^3(2 + N2 cos ip 

+Ni sin (^) = \J I ~ ^1 {r{-W3Ci - W4C2) + wi cos p + W2 sin (/j) 
— C2 (?'(w4Ci — — w^2 COS p + 101 sin tp) 

Wl (-Ci cos V - C2 sin + 1^2 (-Ci sin <^ + C2 cos p) 



_ QB2 K 
2 V r2 + 1 

+r«;3(Ci +C2) 



^^2 / K 



2 , 1 {-UWi +VW2+r'^W3) = - 



1 / K 



r2 + l 



2 V r2 + 1 



£>r(r^ - l)B2u;3, 



r^3(A^3 cos p- Ni sin p) + r^4(A'4 cos <^ + -A^3 sin p) 

= \\i ^7— — QrA2 cosp{—W3COsp — w^smp) + smpiwicosp — w^smp) 
2 V + 1 L 



1 I K 

2 , ,-£^^2103, 



2 V r2 + 1 ' 

thus obtaining for the third component of Vo N that 



1 / K 



1 



gr -{A2 + S2) + LB2 + -g'C W3. 



2 V r2 + 1 ' 

Finally, by an analogous calculation one finds that the fourth component reads 

1 



1 / K 



2 V r2 + 1 ' 



gr{A2+B2-lB2 + -g^C Wi. 
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Since 

A, + B, = lH'g\' - Ig{H - Ig^) + Ig{H Ig^) g\r' + 1) 

= .}.^H{G-He\r^ + l)) = -\HK, 

^g\^C + B, = ^[G{H - Ig\^) + H^g^r^ - 1)] + \g^r^{IG - 2H^) = ^HK, 
the desired statement follows by noting that Ni^g = {log K)^gNi/2 and 

^ilogK),g-^HKgir' + l) = 0. 



It remains to compute the covariant derivative of A'' with respect to d,p. 
Proposition 9. 



i=l 



where S = 1 - lHKg'^{r'^ + 1). 
Proof. Again, 



'^9,N = Y^ [iVi,^ + 0(^^\k + eCink - Bs^^f^k + ecos^r; 

j=i fc=i 

4 

= E [^w + erii(-C2iVi - CiiVa) + gr\^{-(2N2 + CliVi) 



+gT\3{-C2N3 - A^i sin ip - C1N4 - N2 cos ip) 
+ri46i(-C2^4 + Ni COS ip + CiN3-N2 sin p) 
+6^33{—^3 sin (p — N4 cos (f) + r34£i(— A^4 sin (p + N3 cos (p) 

By the symmetries of the T'f.j one has for i odd that 

dx^iVo^N) - N,^^ = -g{dxi+i{VoeN) - 
and one obtains for the first and third component 



dxaiWo^N) = iVs,^ + y^J^Q^r (^-(^2 + B2) + (^^2 + ^g^G^ r^^ W4. 

In an analogous way one has for i even 

dxiiVo^N) - Ni^^ = g{dxi-i{VagN) - 7Vi_i,g) , 
the second and fourth component being given by 



dx2{Ve,N) = N2,^ + y^J^e' ((^1 + - (b, + \e^r^cj^ 
dx^Va.N) = iV4,^ + y-^g^r (^-(^2 + B2) + (^i?2 + \g'G^ r^^ W3, 
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and the assertion follows. Again, one verifies that gt{N,Wd^N) = 0. □ 
We are now able to compute the second fundamental form of the hypersurface A/p. 

Theorem 2. With respect to the coordinate frame (dg, dg, dip) the components of the 
second fundamental form of the Riemannian -manifolds {MY,ht) are given by 

G{uv — vil) — 2H g'^{uv — vu) K 


K 



II 



Q 



K 



2 V r-^ + 1 

Proof. By the equations , (|l^) and Proposition |^ one has 

4 

IIii = ^ g^jdx,{ds)dxj{Va^N) = e[(A^3,. + '^{rN^ + r(^rA^3,<p)) 

•(-W2G4 + wiGs) + (^4,5 + <^{rNi + r^rA^4,v))(-M'2G3 + W1G4) 
+ ((iVi^, + "^{rNi + r(^rA^i.<p))w2 + (^2,s + $(''^^2 + r^TN2,ip))wi)Gi 
= Q HQ'^[<^{-rr{N^Wi + N^w^) + r^95r(iV4W4 - A^'aws)) 

-r(7V3,,W4 + ^4,.U'3)] + (G - i7£-2j.2) [{Ni^sW2 + U-liVz,,) 
+ $(f(7ViW2 + A^2Wl) + ripT{-N2W2 + iVlWl))] , 

where we made use of the relations ( |T6| ) as well as 

— u)2G4 + W1G3 — {~-W2U — wiv)g'^H — —rw^g^H, 
—W2G3 — W1G4 — {w2V — wiu)g'^H — —rwzg^H. 
Since further -/V3u;4 + iV4W3 = 0, Ni'W2 + ^^2^1 = and 

N,w, - N,w, = ^^l^lriwl + wl) = l^l^^r 



—N2W2 + Niwi — - 
one obtains for the expression above that 

1 



^ / 2 2^ 1 



K 



IIii = Hg-' 



^r'^LpY- 



K 



2 V r2 + 1 



K 



r2 + 1 



r {W3W4 - W4W3) 



K 



1 



r{-W3,sWi + Wi.sWz) 



g{G-Hg\^) 



(^ripY; 



K 



K 



1 



r {wiW2 ~ W2W1) + 



K 



2 V + 1 



[wi.sW2 - W2.,sWl) 



K 



1 



Hr^g^l^^Lprf — ripr + r{fipr + ripr)) 



+ {^r(pr + ill' - vil)(G - Hg'^r^) 



2 V r^Tl ^^^'^^'^'^ +iiV'- vri) - Hg'^r'^Lpr]. 
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Here we made use of the relation —w^^sWi + Wi^gW^ — -'r{r(pY + npr) + riprr and 
w^i,sW2 — W2,sWi — uij ~ vil as well as 

iiv — vil ^ ipr + f{fipT + TLpr) — riprf. 

Because of G^npr = —jGHK g^r^ipr = —Hg^r^ipr one finally obtains 

1 



IIii 



K 



2 V r- 



1 



g[G{uv — vil) — 2Hg [uv — vii)], 



since r^(^r = uv — vii. By proposition ^, 

4 

1122 = ^ gijdxi{dg)dxj{\/OgN) = 0, 

ij = l 

and using the equalities 

G^w:} — G3W4 = (ut«3 + vw/Cjg^H = rg'^wiH, 
— Gs^s — G4W4 = (ww3 — uwi)g^H = —rg^W2H 

in addition to the above relations, one also sees that II33 vanishes, since by Proposition 
land 

4 

1133 = X! 9ijdxi{d^)dxj{Wo^N) 

- S[ - gC2(Gi7Vi.^ - G4A^3.^ - G3iV4,^) + eCl(GliV2,^ + G3iV3,^ - G47V4,^) 

-gsinip^-GiNi^^ + Gj.N2.^ + G2iV3,^) 
+gcosip{-Gj,Ni^^ - G4iV2,y + G2N4,^^) 

- qC2{-GiN2 + G4iV4 - G3iV3) + eCl(GlAfl - G3Af4 - G4^3) 

-gsinip{GiN2 + G3N1 - G2iV4) + gcosip{G3N2 ~ G4N1 + G2N3) 



1 



K 



-^g 



Gi(CiWi - C2W2) + G2r(-W3 cos(/7 + W4 sinyj) 



2 V r2 + f 

+ Cir(G4W3 - G3W4) + C2»'(-G3T4^3 - G4W4) 

+ cos Lp{—G4Wi — G3W2) + smip{—G3Wi + G4W2) 
1 



2 V ^^2^1"^^ 



(G - Hg^r^yifr - (G - Hg^yifr 



+H g^r{(iUJir — C,2W2r — cos</j + k;4 sinyj) 



1 



K 



2 V r2 + 1 
Analogously, 



i/gi^r^ + Hg-^yipT + Hg^ryipT - npr) 



1112 = 5t(5s, Va^TV) = J2 9^]dx^{^s)dx.J{Va,N) = 0, 
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Ilia =5t(<9„Va^7V) = ^ g,,dx,{d,)dxjiVg^N) 

= Sg[7V3,^(-G4W2 + G3W1) + A^4,¥.(-G3W2 " G4W1) + Gi(iVi,<^W2 + iV2,yWl)] 

1 / K 



I I K f 1 A „ 1 / if 

= 6 

Finally, 



4 

1132 = X! 9i3dxi{d^)dxj{V a^N) = 0, 

ij = l 

and the remaining components are determined by the symmetry of II. □ 

In order to compute the invariants of II we need to express the second fundamental 
form with respect to the orthonormal frame Yi, I2, ^Is- In this case we denote its compo- 
nents by II* j . Let ki , K2 , K3 be the eigenvalues of II in this base, regarded as a symmetric 
transformation on TMp. The mean curvature, the first elementary symmetric function 
associated with II, is then given by the sum f) = ki + K2 + = Hn + II22 + 1133- Now, 
writing Yi = aij 9,,^ one has 

3 3 
(17) Ily- = gt{Y,,\lY,N) = ^ aikajigt{d^^,\Io^^N) = ^ a.kajillku 

k,l=l k,l = l 

i.e., II* = A-ll- '^A, where the coefficients of A = {aij)i,j are determined by the equations 
(^. As a consequence of the previous theorem we obtain then the following result. 

Corollary 1. The mean curvature of the hypersurfaces {M^jht) is given by 



where kg {{iiv ~ uM)(r^ + 1) — 2{uv — vu)^ /2 denotes the geodesic curvature of the 
curve r in S'^ . In particular, is a minimal surface if and only if kg — 0, i.e., ifT is 
a great circle in S^. 

Proof. One easily sees that Iljj^ = II22 = as well as 



11*3 = III! +2DF II13 = I ]J^J^ (r^ + l)if's2 [{r^ + l)G(ui) - vil) 
- 2{uv - vu){H{r^ + l)g^ + K)] 

= , / . \(uv — vil)(r'^ + 1) — 2(uv — vii)] . 

V 2Vg4(^2 + i)2 + i4LV A ; V Ji 

So — II33. We further remark that 11^2 — II13 = ^-nd 



23 ~ 2\l r^ + ly/h^ ~ Tq \ r'^ + 1 ~ V2(/(r2 + l)2 + i4)3/4- 
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Let us now compute the geodesic curvature of T regarded as a curve in 5*^ ~ C U {00} 
using the stereographic projection. With respect to the coordinates u, v the induced 
metric on S'^ reads 

(18) 9s^ = (^2 + 1)2 ( I I 

Writing vi, V2 for u, v the geodesic curvature of F is then given by (see e.g. |lj 



kg = VdetgsT 



Vi V2 
2 2 



the Christoffel symbols F*^ being obtained from the formulas (||), where now the gij 
denote the components of ^52 and the Xi should be replaced by the corresponding Vi. 
Note that vf + ^ 1. We put L := (r^ + 1)^, M -4/(r2 + 1)^ and obtain 







LM 


p2 
^ 12 


_ T.2 _ 

— -L 21 — 










F^ 
^ 21 


_ T.2 _ 

— -L 22 ~ 





V2, 



p2 _ 
-•^ 11 ^ 



F^ - 
^ 22 — 



LM 
LM 



V2, 



a direct calculation then yields 



Vl 



V2 



Vl 



M ^ . 

V1V2 - V2V1 + — [V1V2 - V2V1), 



and by noting that LM/2 = —2/{r^ + 1) and gijViVj = ^/det gs^ = 1/L one finally has 
(up to a sign) 



-^(mw — vu){r'^ + 1) ^ 2{uv — vu)j , 



and thus the assertion. 



□ 



The third elementary symmetric function associated with II is the Gauss curvature; it 
is given by ki • K2 • K3 = det II* and equal to zero; the second one is the so-called second 
order homogeneous curvature. 

Corollary 2. The second order homogeneous curvature of the hypersurfaces {M^,ht) is 

Q\r^ + 1)2 



K1K2 + K1K3 + K2K3 



(e4(r2 + l)2+t4)3/2 



5/8. 



Proof. As computed in the proof of the previous corollary, the components of II with 
respect to the orthonormal frame (^) are given by 



II* 







K 



K 



K_ I K 



\ 



4g y r^ + l 

The roots of the characteristic polynomial 

det (II* -k1) = -k( - k{S) - k) - K^/lQQ^{r 



D) 



are then ki = 0, K2,3 = {-S) ± S)^ + /l%Q^{r^ + I)) /2. 



□ 



28 



PABLO RAMACHER 



Since ui|j\/3 — (P'ir^ + 1)'^, the three elementary symmetric functions associated with 
the second fundamental form, i.e., essentially its trace and the scalar curvature S, are 
manifestly invariant under the action of the isometry group U(2). The fact that the mean 
curvature of the hypersurfaces Mp is given in terms of the geodesic curvature of F in S"^ 
appears to be natural, since the geometry of the vector bundle r*P^(C) is determined 
by the elliptic geometry of P-^ (C) ~ S'^ . Note that iiv — vu is the geodesic curvature of 
r as a curve in C with respect to the Euclidean metric. 

As an immediate consequence one obtains the following statement. 

Corollary 3. Let T be a curve in of hounded geodesic curvature. Then the functionals 
J Sj" dM^ and J (kiK2 + K1K3 + K2K3f dM^ 

stay bounded for a > 3 and [3 > 3/2, respectively. 

Consequently, the Willmore functional J S}'^ dM^ remains unbounded, the hypersur- 
faces Mp thus being not accessible to integral geometry. 



5. On the geodesic flow of the hypersurfaces 

In this section we will study the structure of the geodesic flow of the hypersurfaces 
{M^,ht) and compute the exponential growth /ioo(-Mp) explicitly, at least in the case 
where F is a generalized circle in C that arises by a Mobius transform from a circle in 
C with center at the origin. In general, the exponential growth of an open, complete 
Riemannian manifold {M'^,g) is defined as 

/ioo := limsup ^ log vol {BB.{qo)), 

R^oo ^ 

where qo is a point in Af" and vo\{Bii{qQ)) denotes the volume of the ball of radius R 
with center at qo. If /ioo = 0, one says that M" has subexponential growth. In case M" 
has finite volume, this quantity is not interesting, since then one always has /ioo = 0, 
but for vol (M") = 00 the exponential growth is directly related to the infinium of the 
essential spectrum of the Laplace operator on M" . We will return to this point in section 
There we will be able to calculate the exponential growth of (Mp) for arbitrary closed 
curves. 

Let 7(t) = ^'(s(t), ^(t), v3(t)) be a smooth curve in Mf? and X{t) = Y.^j^i^^i'^) 
d / drij a vector field along 7(t). Its covariant derivative with respect to 7 is given by 
the formula 

k=l i,j=i 

where F*j, — ht{Wg^, drj-,djj^) are the components of the Levi-Civita connection of A/p 
with respect to the coordinate frame {dg, dg, d^p}. For a geodesic it holds that W'y{T)/dt — 
and one obtains the system of differential equations 

(19) 7'(r)+5]F^.(7(r))f (T)7^(r)=0, A: = 1,2, 3. 

hi 

However, it turns out to be more convenient to determine the geodesic lines of the 
hypersurfaces Mp by considering the first integrals of the geodesic flow. Let us consider 
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therefore the geodesic system (rMp,f ) of Afp, where the Lagrangian £ is given by the 
metric, 

The function f is a first integral of the geodesic flow, i. c. with respect to the coordinate 
reper {dg, dg^d^} one has that 

£{i{r)) = \ [/IIIS'W + 2{hl2s{T)Q{T) + /ll3s(r)99(r)) + h22Q'{T) + /iss^'W] = £ 

is constant for any geodesic line. Let now p = ^{s,Q,ip) and z e e*"^ G . Since the 
coefficients of the metric ht do not depend on the angle variable the map 

: Mf? n — > n M^, n^{p) = *(s, + r) mod 27r), 

represents a one-parameter family of isometrics. Consequently, using Noether's theorem, 
the function 

is a second first integral of the geodesic flow and a computation yields the formula 
(20) Mi{^[t)) = hus{r) + h33^{T) = Mi. 

For s = and t/s = it can be seen immediately from the equations (|l^) for a geodesic 
or the relation £(7(r)) = £ that, for 



(21) = {r^ + l)K " g2(^2 ^ 1)2 ' constant, 

the curve 7(r) = 'I'(s, ^(t), (^) must be a geodesic in Mp. 

We will assume from now on that r = ro is constant and, in this case, determine the 
distance of a point p — '^{s,g,ip) to the set F = {[0,0]} C A/p. Since r(s) = tq and 
(pris) — s/ro are constant, e — ±1, the coefficients hij do also not depend on s so that 

: Aff? n — > n M'^, n^{p) = ^'((s + rr) mod 27rr, £», (p), 

is an additional one-parameter group of isometrics and Noether's Theorem gives a third 
first integral, 

A^2 :T(A/3nA/4)^M, M2{X) := ht(^^fir{p)ir=o) =ht{ds,X)^p, 

i. e., 

(22) M2iiiT)) = hiiHT) + his^ir) = M2 

is constant for any geodesic line as well. From the equations (^), (^) one obtains 

(23) 2£ = K{r^ + l)g^ +Miip + M2S 
and 

All - (r2 + l)is:^32^ . M2- {K + Hg^)g^s 

* = ^ 27^ ' "^"^ 27; ■ 

rg'^K rg^K 
Solving the latter two equations with respect to (p and s yields 

^ = (eM2 - (..^i^ - (i^ + Hg^)g\^ + 1)/.)- 

_ (4 + GiJ£<2)7V4i -4:eM2r 
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as well as 



s 



AKGg^r 



[AGMi - {r^ + l)(4(Mi - eM2r)K + Ag'^HMi)] 



^ [4(G - Kir"^ + 1) - Hg^ir^ + l))Mi + Ae{r^ + l)rKM2] 



IQg^r 

-erMi + (r^ + 1)M2 



thus the functions s — s{t) and — (p{t) are determined by the function g — g{T). 
Equation ( p3|) now reads 



^ " G 



4(r2 + 1)^,2 + _L (^A{Ml - 2eMiM2r + (r^ + l)Ml) + GHg^Mj 



4^?2 

Note that Mf - 2eMiM2r + (r^ + l)Ml = {Mi - eM2rY + Ml is non-negative. By 
inserting the expressions for G and H into the previous equation one finally obtains the 
following ordinary differential equation for g = gi^r): 



(24) g = 2, — Tr2 — ^ - ir^2 — tt , + {Mi - eM2rY + Mi 

Thus, for r(s) = tq, all geodesies 7(r) — \E'(s(r), ^(t), (/3(t)) in AfpflAf^ are parametrized 
by the three parameters 5, A^i, A^2- We are now able to compute the distance of a point 
J) e M^^^^j,^^ to the curve F. 

Proposition 10. Let F fee a circle in C o/ radius r(s) = tq. T/ie distance of a point 
Po — ^'(soi 00 ^Vo) G Afp 1^ curve F C Mp is given by 

(25) d*si(p„,F) = j^Qlirl + 1)^(1/2, 1/4, 3/2, -Mi^^), 

where T denotes the hypergeometric function, which is defined for z € C, \z\ < 1, by the 
series 

7 ■ 1 7(7 + 1) • 1 • 2 

the parameters a, (3, 7 being arbitrary complex numbers, 7 7^ 0, ±1, ±2, .... 

Proof. Let 7(£,A^i,A^2) : (0, tq] Afp be a geodesic of positive energy £ from the 
curve F to the point po with coordinates SQ,gQ,ipo. For Mi, M2 ~ the geodesic 
7(£, A^i, A^2) is precisely the geodesic line (^ij) already described. If Mi were not equal 
zero, at least (p would be different from zero almost everywhere; then equation (|^) would 
imply that there exists a critical value Pcrit > for which 

, 2,1/ f4 ka2 \ 

(26) 5Ve^(r2 + 1)2 + ^4 = (^ipVlF ^ " ^ ^ V ■ 

For smaller values of g the right-hand side of ( p^ would become negative, implying 
that gi(r) > pcrit > must hold for all r e (0,to]. This means that for A^i 7^ the 
geodesic ,Mi,M2) can never reach the curve F. Assume therefore A^i — 0, A^2 
being arbitrary. By ( P4|) we have 

.2 _ 4v/g4(^2 + 1)2 ^ i-ig _ (^2 ^ 2)2_^2 
^ ^ 4£-2(r2 + l)2 
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In case that 4t^£ — (r^ + 1)^A^2 < 0? this expression becomes negative for small g 
so that ^{£,Mi = 0, At^E/{r'^ + 1)^ < M|) can never reach the set F. However, for 
At^£ — (r^ + 1)^A^2 > we have that (P' is non-negative for all r, as well as 

so there are infinitely many geodesic lines 7(£, Afi = 0, 4f^5/(r^ + l)^ < Af|) reaching the 
set r in Mp in a spiral motion. In this case, equation ( [24| ) implies for ui(t) = £i^(T)(r^ + l) 
the relation 



(27) Ui^r = 2QQ{r 



+ 1) = \jA£^ul + t^-{r^ + l)^Aq > 0, 



i.e., Mi^T- as well as ui are strictly monotone increasing as functions in r and the point po 
is reached earliest, that is, for smallest tq, in case that AI2 is also zero. Since the length 
of a geodesic is given by 

To To 

L'y(£,MuM2) ^ j \i{£,Mi,M2)\dT = j y^ht{'y,j)dT = V2£to, 


the distance of the point po to the set F C Afp must be given by the length of the geodesic 

j{£,Mi=M2 = 0) 

The integral J 1/ \/ ax^ + t'^dx cannot be represented by elementary functions and one 
has 

where J^{a^ (3, 7, z) is the hypergeometric function introduced above. For Re (a + /3 — 7) < 
the defining series converges even in |z| < 1; the hypergeometric function has an analytic 
continuation for |z| > 1 and under the assumption that Re 7 > Re/3 > it can be written 
for all z as the integral 

1 

where F denotes the Gamma function and |arg(— z)| < tt is assumed in order to make the 
integrand uniquely defined. If z is real, differentiation under the integral with respect 
to z gives the stated equality ( |2^ ) if one takes the relation T{m, P, P, z) = (1 — 
TO S K, /3 arbitrary, into account additionally. For Mi = M2 = we finally deduce from 



To 



Ml (to) 

1 /■ Ul r , 1 f dui 

To = / —F==dT = 



2V£ J ^M? + 14 2V£ J ^u? + i4 
^ 

^ui(ro).F(l/2, 1/4, 3/2, -ul{ro)/t^), 



and thus 



1 «4/^2 I 1 \2 

dist ipo,T) = j^9l{r' + 1)^(1/2, 1/4, 3/2, -^oL_LX), 
finishing the proof. □ 
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We are now in a position to compute the exponential growth of the hypersurface Mp in 
case that F = d B{0, tq) is a circle in C. Note that we can estimate the volume of the ball 
with radius R around a point go e F C Mp by the volume of the union over all i?-balls 
around points of F, thus obtaining 

27T Qr 2iTr 

vol(Bi?((7o)) < vol( U Bfl(g)) = j j j v/det ht ds A dg A dip 



Qr 2-Kr 



2,^/8/ / 



ds A dg 





^ 3pTT) 



[{gUr' + ir+tr^'-t' 



since by our previous considerations 

U BR{q) = {p = gn, ip)&M^:se [0, 2^r), ^ e [0, 2^)} , 

qer 

where gji is given by the expression ( p5| ) for R = dist (p, F) . The analytic continuation 
of J-{a,P,"f,z) for \z\ > 1 is given by the formula 

T{a, f3, 7, z) = ^i^l^i^ " {-z)-^T{a, a + 1 - 7, a + 1 - /?), l/z) + 

+ ?rw— /? + 1 - 7, /3 + 1 " «, i/z), 

F(a)F(7-/?) 

so that for go being big enough the distance of po = ^'(so, poi Vo) to the set F is given by 



1 



dist{po,r) = j^gl{r^ + l) 



F(3/2)r(-l/4) f 1 - 



r(l/4)r(l) e§(r2 + l) V2' '4'g4(^2 + i) 



F(3/2)F(l/4) t 



F(l/2)F(5/4) g„V^:^ V4' 4'4'^,4(,2 + i) 
F(3/2)r(-l/4) t F(3/2)F(l/4) jr^ + 1 

r(i/4)r(i) vl^r(i/2)F(5/4)' 



£•0 1 + 



1 



12 ^4(^2 + 1)2 



implying that dist {po,T) is proportional to go\/r^+l for 1 ^ go- We obtain for go G T 
that 



lim 

Q — >CO 



log 



3(r2 + 1) 



lim 4 log vol {Bb. (go ) ) < 

+ l0g((/(r2 + l)2+i4)3/4_^3) 



+ 



F(3/2)F(l/4) /r2 + l 



= lim 



F(l/2)F(5/4) V 2 

3^?3(r2 + 1)2 



1 



1 



F(3/2)r(-l/4) t 
F(1/4)F(1) 

-1 



12 e4(,.2 + 1)2 



g4(^2 _^ 1)2 + t4 _ ^3 yp4p-pij2-p74 

1 1 



F(3/2)F(l/4) /r2 + l 
F(l/2)F(5/4)' 



0, 



4^4(^2 + 1)2 ■ 

the corresponding limes superior therefore being zero, too. By isometry arguments we 
thus obtain the following proposition. 
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Proposition 11. Let T = d B{0,ro) be a circle in C with center at the origin and radius 
ro. Then ^looiMl^) ^0 for all AeV{2). □ 

We want to finish this section with some remarks concerning closed geodesies in 
Mp, where we assume again that F is a circle in C of radius r{s) = tq. In this 
case Mp is foliated by the two-dimensional tori T^^ j.^, go > being constant. Let 
-)/(t) = 5'(s(r), gQ,Lp{T)) : [0, L^] '^eo,ro *- -^r ^ geodesic line parametrized by arc 
length. Since g — 0, s and (p are also zero. Relation ( p3| ) then reads A^2S = 2£ — A4iip 
and equation ( ]26| ) must hold, representing a condition on £ ~ £{go,ro) for given values 
oi Mi,M2- Now, by the x S'^-symmetry of Tg^^^, 

*(so, Po, V^o) '^{sq + 27rro • n, go, V^o + 27r • m), n,m el. 

Writing s(r) = sq + st, (/3(r) = (^o + '^t we see that 7(r) is a closed geodesic if and only 
if sL^ — 27rro ■ n and (ysL-y — 2n ■ m are satisfied, i. e., if 

— = ro • — e ro • Q*, n,m^O; 
m 

of course, if n or m are zero, 7(t) is also a closed geodesic. Inserting the expressions for 
s and computed above we obtain for the previous condition 

-eroM, + ir^o + l)M, ^ . 



4(7Wi - eroMz) + GHgf^Mi 



Note that Gi? = 4<''/(?'^(r2 + 1)3. Taking aU together we find as solutions for A4i and 
M2 



_ m(ro2 + l)/4 + £nrg 4 , 3 
■^^^ p^(rg + 1)2 + ^4 ^oiro + l) , 



rS + 1 

where n,m are integers. The curve ^{£,Mi,M2) is then a closed geodesic in T^^ 
where £,Mi,M2 depend on gQ,rQ,n,m as explained above. In particular, there must 
be at least countably many closed geodesies in T^^^ro -^^r- 

6. Integrals of subharmonic functions on the hypersurfaces 

In this section we will show that the L^* -kernel of the Laplacian on the hypersurfaces 
(AlY'jht) becomes trivial for all p > 1, where < > and F are arbitrary. We will base 
our considerations on the much more general work of Greene and Wu ||10| , who studied 
integrals of certain generalized subharmonic functions on connected non-compact Rie- 
mannian manifolds admitting a canonical exhaustion function and showed that these 
integrals cannot be bounded. More precisely, they showed that the following theorem 
holds. 

Theorem 3 (Greene and Wu). Let M be a connected non-compact oriented C°° Rie- 
mannian manifold. Suppose that there exists a continuous proper function ip : M ^ M. 
and a compact set C M such that 

a) ip\m\k^ -is 

b) ip\M\K,^ is uniformly Lipschitz continuous. 

c) ^p\m\k^ is subharmonic. 



34 



PABLO RAMACHER 



Denote by T,{M) the closure of the set of all C°° subharmonic functions in C°(M). 
Then, if f is a nonnegative function in S(M) such that 

{pe M : f{p) > 0, ip{p) > mn-xip, gradipip) 7^ 0} 7^ 0, 
there exist constants Af > and tq such that 



J fdM>AfiT-To) 



for all T > To, where M!f denotes the set of all p G M such that tp{p) < r; in particular, 
J^JdM = +cx,. 

A description of the set S(M) is given by the foUowing proposition. 

Proposition 12 (Greene and Wu). Let M be a non-compact C°° Riemannian mani- 
fold. Then the following functions are in I](Af); 

1 ) Any function f : M M. that is the limit uniformly on compact subsets of M of a 
sequence of functions in S(M), 

2) subharmonic functions, 

3) vP where u is a nonnegative subharmonic function and p > 1, 

4) \u\P where u is a harmonic function and p > 1, 

5) any geodesically convex function. 

In general the scalar Laplacian on a Riemannian manifold {M'^,g), acting on 
functions, is given by A/ = — div(grad/), where for a vector field X £ A:'(A/") its 
divergence with respect to an orthonormal frame {Yi, ...,¥„} is given by 

n n n 

div(X) = ^.g(Vy.X,rO ^Y,Y,{X') + X^^,,{Y,). 

i—1 i—1 iJ — 1 

Here the X* denote the components of X and the ojij the connection forms of the Levi- 
Civita connection V of Af". In the following we will show that the above results also 
apply for the considered hypersurfaces Afp, T being arbitrary, obtaining in particular the 
vanishing of the LP-kernel of the Laplacian even in case Afp is not complete. Let us first 
start considering the function 



ip* := Q\/ r^ + 1, 

which is G°° on Afp n Af^. One calculates with respect to the orthonormal frame (|^) 
Yiip*) = -7^v/r2 + l, YiYiip*) = --^(logf^),,v/r-2 + l, 



. „ 2/122 

and thus 

Ap* = -Y,Y,{p*) - ^ri(^*VH(y,) ^ -L(i(iog A'),, - -) 



2^3(^.2 + 1)3/2 V (34(^2 + 1)2 +^4 

Because of sup^ i''(p''(r^ + l)^+f4)-i = 1 it follows that p* is subharmonic and one 
computes further that 



,2 _ ^2,,.*^ _ ^-1 vWWTT^ 



|grad^*|^ =yi^((^*) -ff- 



2^?2(r2 + 1) 
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We define now the C°° function A : M -> [0, 1) by A(a;) = e~i/"=' for a; > and A(a;) = 
for a; < and put 

(29) ^i{x)■.= J \{y)\{l ~ y)dy I J X{y)X{l - y)dy. 

— oo — oo 

The function fi : M. ^ [0, 1] is C°° too, monotone, equal to zero for a; < and one for 
x>l. Let < So < Lr- Then 



ip gy/r'^ + 1 • fi{g) 
is C°° on Mp and subharmonic on Mp \ K^^ where 

:= {p = p{s, g, (^) e Aff? : e < 1, s < sq} • 
Note that K^p is compact and that ip is proper, i. e., 

(^"^ [0, k] = |p e a4 ■■ gVr^ + 1 ■ /^(fi-) < '«} 

is compact for all k G R. We show that (p is globally Lipschitz. In order to do so, let us 
first remark that |grad(/3| < By, on Mp, where is a constant, since |grad(/7p tends 
asymptotically to 1/2 on Mp \ and, as a smooth function, remains bounded on K^. 
Now let p and q be two points on Mp, and 7(t) the shortest geodesic between them so 
that dist(p, q) = L^; we assume that 7 is parametrized by arc length. Since 

/lt(gradv3(7(To)),7(To)) = d(p(7(To))(7(To)) = -^ip{-f{T))\r=ro, 

one has by Cauchy-Schwarz that 

\fip)~'^{Q)\= J -j^filiT))dT = J ft,t(grad(p(7(T)),7(r))dr 

< / I grad.^(7(r)| • |7(T)|dT < Sadist (p,g), 
Jo 

i.e., is uniformly Lipschitz continuous on Afp. Summing up we obtain the following 
proposition. 



Proposition 13. On the connected non-compact oriented C°° Riemannian manifolds 
{M^^ht) there exists, for every t 7^ and every curve T, a proper continuous function 
ip : Mp R and a compact set C A/p such that 
a) ip is C°°, 

h) ip is uniformly Lipschitz, 
c) ip\M^\K ^•s subharmonic. 

In particular the conclusions of Theorem w hold. □ 

Note that the above proposition is also true in case t = 0, i.e., for the non-complete 
C°° Riemannian manifolds (AfpflM'*, h^). As a consequence of the proposition we obtain 
the following vanishing theorem. 



Corollary 4. Let p > 1. There exist no V -harmonic functions, on the hypersurfaces 



(Afp, ht) for arbitrary i e M and curves T . 



Proof. Let ip and K^p be given as in the previous proposition and let m be a harmonic 
function on M^. By Proposition 12 one has \u\^ e E(Mf?) for all p > 1. Now, 
by the Aronszajn-Cordes uniqueness theorem for second order differential operators 
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'^\a\<2^a{x) d" with elliptic metric principal symbol u cannot vanish identically 
on A/p \ K,^ unless it vanishes everywhere. Therefore, for u not being trivial, the set 
{m S Mp : |u|P(m) > 0, Lp{m) > maxK^ grad(p{m) ^ O} is not empty, and by Theo- 
rem H there exist constants A and tq such that 

/ \u\PdM^ > A{t - To) 
for all T > To- In particular KerLp(A) = {0} for all p > I. □ 

7. Einstein and T-Killing spinors on the hypersurfaces 

In the sequel we will consider the Dirac operator D on the hypersurfaces Mp, whose 
geometry has been studied in the previous sections. For t > 0, the homotopy type of Mp 
is given by x F/ {±1}. If the curve F is not closed, A/p cannot be complete and admits 
only one spin structure. Otherwise A/p has the same homotopy type as the circle and, 
consequently, admits two spin structures. The trivial spin structure is characterized by 
the fact that there exists a global trivialization of the Spin(3)-principal bundle covering 
an arbitrary orthonormal frame bundle, while the non-trivial spin structure admits a 
trivialization of this kind only locally. On the other hand, the unique spin structure of 
the Eguchi-Hanson space induces a spin structure on the hypersurface Afp C 
by reduction of the former with respect to the normal vector field of Afp. It turns out 
that the induced spin structure is the trivial one if and only if the winding number of the 
closed curve F is even. In the following most of the results will be derived for the induced 
spin structure, though some of them that follow from purely geometric arguments hold 
for both spin structures. 

First we will try to determine solutions to the Dirac equation that are also solutions 
to the Einstein equation and we will show that the aforementioned hypersurfaces do not 
admit such solutions in case i ^ 0. Nevertheless, it is possible to construct such solutions 
explicitly by deformation into the singular situation, though these solutions are no longer 
complete. In the complete case and if Mp is a minimal surface, one can further show the 
existence of a spinor field satisfying a generalized Killing equation for spinors. 

Let ei, . . . , e„ denote the standard basis of the Euclidean space M" and introduce the 
complex two-dimensional matrices 

3'^{o ^^)' o)' ^^(o l)' ^^(^ 

In case n — 2m, the spin representation of the n-dimensional complex Clifford-algebra 
Cfj is given by the isomorphism 

K2m ■■ C^m - End{A2rn) , K2m(ej) := E ® ■ ■ ■ (g) E (g) (g) T g) ■ ■ ■ (g) T, 

where j — 1, . . . , 2m and a{j) is equal to 1 and 2 for j odd and even, respectively. For 
n = 2m -|- 1 one has the representation 

K2m+i : C'2m+i - End{A2jn+i) © £^nd(A2,„+i) ^ End{A2m+i), 

K2m+l(ej) := K2m(ej), K2m+l(e2m+l) '.^ -iT g) ■ ■ ■ (g T , 

where — A2m+i — A2m4.i = denote the corresponding representation spaces 
as well as the representations itself. The induced representations of Spin(n) C will 
be denoted by the same symbols. 

We denote by S(Mp) or simply S the spinor bundle considered in each case of Mp, by 
(•, •) its hermitean inner product and by F(I]) the space of smooth sections in E. Further 
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we identify the tangent bundle TAfp and the cotangent bundle T*Mp with the aid of ht- 
The Clifford multiplication TM^ S(Mp) S(Mp) of a spinor and a vector can then 
be extended naturally to a multiplication A(Mp) S(Mp) ^ E(Mp) of a spinor and a 
form. The Levi-Civita connection V of (Afp, gt) induces a covariant derivative in E(Arp), 
which we will denote by V, too. With respect to an orthonormal frame {Yi, Y2, Y^} one 
has for V the local representation 

1 ^ 

V : r(E) T{T* (A./3) ^ E), Vi/^ = rf^ + - ^ lj^jY, ■ Y, ■ ^, 

where the LOij are the connection forms of the Levi-Civita connection V. The Dirac 
operator D : r(E) r(E) on A/p is then locally given by 

3 

E 



where X ■ ip denotes the Clifford multiplication of a vector field with a spinor; in the 
realization of the complex Clifford algebra C| ~ Af(2,C) ® Af(2, C) given above, the 
vectors Yi, Y2, I3 are represented by the matrices gi, 32, —iT, respectively. Note that in 
the three-dimensional Clifford algebra it hold that Ci = Sijk ejCk, where Ej^k denotes the 
totally skew symmetric tensor. With respect to the global trivialization (H) the 1-forms 
LOij have been computed in Proposition^. Let us now introduce the following definitions. 

Definition 1. A non-trivial spinor field ip on a Riemannian spin manifold {M"',g) with 
n > 3 is called a positive resp. negative Einstein spinor with eigenvalue X gM. if it is a 
solution of the Dirac equation and the Einstein equation 

where T^{X,Y) ^ Ke {X ■ Vy^ + F • Vjf?/', ■0) is the symmetric {0,2)-tensor field de- 
fined by Ip, the energy momentum tensor of tp. 

As shown in in dimension n — ?> and in case that the scalar curvature does not 
vanish, the existence of an Einstein spinor is equivalent to the existence of a so-called 
WK spinor: 

Definition 2. Let (M''^,g) be a Riemannian spin manifold whose scalar curvature S 
does not vanish anywhere. A non-trivial spinor field on M satisfying the field equation 

(30) 2(n - 1)S WxiJ = n dS(XU + 2A^^— ^ (2 Ric(X) - S X) ■ iP + X ■ dS ■ ip 

n — 2 

is called a weak Killing spinor or WK spinor with WK number A G M. 

For general n each solution -0 of the field equation ( |30| ) with AS* < and AS* > 
corresponds to a positive and negative Einstein spinor with eigenvalue A, respectively. 
For the existence of a WK spinor the following necessary condition is known Q : 

Proposition 14 (Friedrich and Kim). Let (M"',g) be a Riemannian spin manifold with 
non-vanishing scalar curvature and ip a WK spinor on {M",g) with WK number A. 
Then 

4(n - l)X^[{n^ -5n + 8)S^ - 4 |Ric|^] 
^^^^ = (n - 2f[{n - 1)53 + n \dSf + 2(n ~ l)S'(AS')]. 
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We show in the following that, for t ^ 0, the condition (|3l|) cannot be fulfilled on Mp 
for any choice of the curve T. 

Proposition 15. For t ^ and for any spin structure the hypersurfaces {M^,ht) do 
not admit solutions of the WK equation and, hence, there can he no solution to the 
Dirac-Einstein system. 

Proof. Assume that a WK spinor with WK number A is given on {Mp,ht). Then, by 



Proposition |14 
(32) 



8A^(2S'2 _ 4 |Ric|^) = 25'^ + 3 {dSf + AS{AS) 



must hold, where S has been computed in Theorem Q Using the relation (r^ + 1)5'^; 
rrgS^g one computes with respect to the trivialization (H) 



YiiS) 



_1 d_ 

^h^d g 
1 d 



S ■ 



£|3(r2 + 1)2 



/h^^[g\r-^ + lY + t^f/'- 



.{U'-2g\r^ + lf), 



5 = 0, 



d d d 

Y^{S) = D — S + E—S + E— = 0, 
OS o g dip 

thus obtaining for the Laplacian of S that 

3 

-AS- = div gradS- YiYi{S) + ^Yi{S)uju(Yi) 



Y,Y,iS)+Yi{S)- 



1 /I 



'22 



-(log/133)., - (logi?),, - Y,Y,iS) + Y,iS) 



compare Proposition |^. One computes further that 



YiY,{S) 



--S., 



as well as 



Yi{S)- 



2(4^8 _ 20(1 4. ^2)2^4^4 ^ ^ r2)4g8) 
(i?4(r2 + 1)2+^4)3 

^ 2t4-p4(^2_^^)2 



^33 



(f?4(r2 + l)2+<4)2^ 



obtaining for AS* the expression 
AS 



8t«~18eV(r2 + 1)2 + ^8(^2 ^1)4 



(^^4(^2 + 1)2+^4)3 

Since \dS\^ = >l(5')^ |Ric|^ = trRic^ = Rj^ + Rj^ + Rj^, one obtains 

1 



8A^ 



(f?4(r2 + l)2+<4)3 

for the left-hand side of (^) and 

-2 



(-24t« - AgH%r^ + 1)^) 



(£-4(r2 + 1)2+^4)3 



S[-8t'' + ASg^r' + iyt% 
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for the right-hand side, so that the condition (g^) reads 

and one sees that in case t ^ Q, it cannot be satisfied for any choice of the curve F. 
Note that since the integrabihty condition (32) is purely geometric, the assertion of the 
proposition holds for any spin structure. □ 

Only for t — the condition ( ^2|) is fulfilled for arbitrary values of A, since then 
both sides vanish. In this case the hypersurfaces {M^,ho) are no longer complete for 
any curve, the metric becoming degenerate along the exceptional curve; one finds that 
K = G = 2, H = and the Ricci tensor and the scalar curvature are 



Ric ^ 



1 



(33) 



5* = - 



1 





-g-^{r^ + 1)2 









In the following we show that, in this case, solutions of the Dirac-Einstein system can 
be constructed explicitly on (Mp n M^, ho) for an arbitrary choice of the curve F. 

In order to do so let V' be a non-trivial spinor field on Mp that satisfies the spinor 
equation (|30|) for n = 3, 



45* 



2A 1 

dSiX)^; + — mc{X) • 7/- - AX • V + j^X -dS-ip. 



Putting tp — \/^S Xj the above equation can be reformulated into an equation for x- 
Using V(/-0) = dfi^ip + fVip for a function / and the relation X • dS" = -dS{X)+XxdS 
in the 3-dimensional Clifford algebra yields 



(34) 



Vx X = A ( - Ric(X) -X]-x+ ^{X xdS)-x 



1 



As already shown, with respect to the base (||) only Yi(S') is different from zero and one 
obtains 



Further, one has 



-mc{x)-x 



X xdS = uj^{X)Yi{S)Y2 - uj'^iX)Yi{S)Y3. 



S 



LuHX)Y3. 



S ^ ' - ■ 5- V . - ■ g 

In the realization of the complex Clifford algebra given above one then obtains due to 
Proposition |2| that 



Now, if t = 0, 



I^WyFj-K, ■x^dx + ^ 



1 

27^ 



«t^23 
UJl2 - iuJiz 



-LU12 - ILU13 



(log /l33)^e 



2i?ii — S 

s 



= -1, 







2R 



-uj- 




(log^),e 



lUJ 



iuj^ 
3 



22 ' 



S 



= 0, 



2R 



33_ 
S 



s 



= 
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as well as 



12 2 

(l0g£)),g = , (l0g/l33),g = -, (logS'),g = . 

Q Q Q 



Summing up, (p4) now reads 



dxi \ _ i y^f —i^jJ^ \ ^ 



dx2 J \ \ ) 2Q^/h^ 

1 / — o;^ — iLO'^ \ \ (xi 



'2gVh22 V ^ J j \X2 

- ^ 1, j \X2 

the summands {X x dS)/AS and X]i<j ^ij (^) ' cancelling out each other. Since 
duji = 0, the system above can be integrated. Taking into account the equality dxj = 
Y^i=i iXj )'^' = Xj,s ds + Xj,g dg + Xj,^ dip and the expressions for the one derives the 
system of partial differential equations 

^(xi\^(k ^\(xi\ ±fxi\^ff2 o_\[xi 

ds \X2j \ fo J \X2j ' dg \X2) \0 f2 J \X2 

where 

fo = -*a4^ Vir' + f2 = -aV(r-2 + 1)K. 

are functions in the variables g and s. Note that (r^ + l)/o — rrgf2. Further one has 



9-i-f2 = g \ -i^—2rf ) = /o, 



ds 

showing that 

is a solution of the system above. Transforming back to the original WK equation yields 
the following proposition. 

Proposition 16. Consider the family of hypersurfaces (Mp n M^,ho), where T is an 
arbitrary curve. Then 



1 / ^-Xy/2{r^ + l)e'i. 

A G M. Thus, the normalized spinor 



is a WK spinor of length [ipl^ = — S'|x|^ = ~'S'(|xi|^ + |X2|^) — —23 and WK number 



S if e-^V2(r2+l) 



yiAllVr gV2(^' + l)|A| V eV2('-^+i)<?' J 

is an Einstein spinor on C] M'^ with eigenvalue A. 

The homotopy type of Mp n is given by M!j^ x 5^ x F; therefore it has at least 
two spin structures, the one involved here being determined by the global trivialization 
Wj. Recall that Mp n Af^ is parametrized by the length parameter s of the curve 
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r(s) = r(s)e"^'"'-*-' C C and the fiber parameters < p < oo, < (p < 27r. The metric ho 
is then given by the formula 

ho = 2(^g^ds^ + (r^ + l){dg^ + g^dip'^)') + rfgdsdg + r'^ ipr g'^ ds dtp , 

and the Ricci tensor has rank two, see equation (]33|). Similar examples of WK spinors 
on a 3-dimensional non-complete Riemannian manifold with negative scalar curvature 
have been constructed in ||]. 

We introduce now the notion of a T-Killing spinor ||] . 

Definition 3. Let {M"',g) be a Riemannian spin manifold. A spinor field ^ without 
zeros will be called a T-Killing spinor if the trace Tt{T^) — j^y^ Tr(r^) is constant and 
ip is a solution of the field equation 

Here T^{X, Y) = j;^T^(X, Y) is the energy momentum tensor of the normalized spinor 

As remarked at the beginning, {H^,gt) is endowed with a hyperkahler structure and 
therefore Ricci-flat and self-dual. Due to this, there is a parallel spinor on H^, and the 
study of its restriction to Mp will enable us to construct a T-Killing spinor explicitly. 
There we follow a similar construction carried out in |9|, where the restriction of a 
parallel spinor on the Euclidean space to an isometrically immersed closed 2-surface 
of constant mean curvature is considered, yielding examples of T-Killing spinors on any 
surface of constant mean curvature in R'^. 

We consider first the restriction of the spinor bundle of to the submanifold Afp 
(compare [^). Note that the Clifford representation A2k+2 can be constructed directly 
from the Clifford representation A2k+i by setting 

and defining the Clifford multiplication in A2fc-i-2 by means of the Clifford multiplication 
in A2fc+i, 

ei ■ (V'l ® ^2) := e, • Vi ® {-e^ ■ V'2), 1 < i < 2fc + 1, 
e2fe+2 • [tpi ® 1^2) := i>2 ® (-V'l)- 

The mapping 

/ := i''+^(ei . . . 62/0+2) : A2fe+2 — > A2A;+2 

is an automorphism of the corresponding Spin(2fc + 2)-representation, and because of 
(ei . . . e2fe+2)^ = (— 1)*'"''^ it turns out to be an involution. Thus the spin representation 
A2fe+2 decomposes into the eigensubspaces of /, and we denote them by AJj,^2- Explicitly 
one has 

/(V'l ® V'2) = i'''^^ (ei . . . e2fe+i • ■02 ® ei . . . e2fe+i • i/'i), 
yielding in particular for fc = 1 the relation 

filpl ® i>2) = -(616263 • -02 ® 616263 • 0i) = 02 ® 01, 

since 616263 = —1 in the three-dimensional Clifford algebra. In this way one obtains 

Aj = {01 © 02 € A4 : 02 = ±0i} , 
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i.e., a spinor in A^' or A^ uniquely defines a spinor in A3 and vice versa. Thus we have 
defined two isomorphisms of Spin(3) representations, 

(35) A3 ~ Af : (y3i I — >ipi® (±(pi). 

Since the four-dimensional spin manifold (iJ^, gt) is simply connected, it has only one 
spin structure, and we denote the corresponding spinor bundle by S^f2. It splits into 
the subbundles S^a and S^2, according to the above decomposition of A4, and as a 
consequence of A4 = A3 A3 and ( p5[ ) we have the identifications 

where S is the induced spinor bundle on Mp. Consider now a spinor field e r(S]^2) 
and its restriction </'|m3 = '■Pi ® to Mp, where ipi e r(E) is a three-dimensional 
spinor field. In particular note that for a field of unit normal vectors on Mp the relation 
N ■ {(fix (fi) = (fii (B {—fi) holds, according to the realization of A4 given above. By 
using the local formulas for the different covariant derivatives one obtains for the spinorial 
derivative of ip^ on A/p the relation 

v^"' if+ = dip+{x) + \ ■ ^1 ■ (^1 ® '^i) 

l<j<j<3 

l<i<4 

= (V|(^i V|(^i) - ^(Vf AT • Lpi iV • ^1) 

for every vector field X e TM^, since UJ^J{X) = gt{V^^Yi,Yj) = /it(V^^'^Ki, Y,) and 
ujii{X) = gt(VfVi,7V) = -/it(yi, Vf'iV). Here and until the end of this section 
{Yi,F2,5^3} denotes an arbitrary section in the frame bundle of Mp. Since one part 
of the Weyl tensor of the Eguchi-Hanson space vanishes, we can assume that the 
parallel spinor on is contained in r(S^2) and given by Hence x"^ ~ and 
with II(^) — N we obtain the equation 

V|^i = ilI(X).^i 

for the corresponding three-dimensional spinor ipi. Further, since II is a symmetric 
bilinear form, Y^^i=i ' 11(^0 — ~^ ^ scalar and one obtains 

moreover, ipi has constant length because it is given by the restriction of a parallel spinor. 
We summarize these results in the following lemma. 

Lemma 1. Let T, denote the induced spinor bundle of M^. Then there exists a spinor 
ip* e r(S) on Af3 with 

□ 
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2 11^* 
1 



Let now '0* be given as in the previous lemma. Then VxV'* = ^i^K-^)/'^) ' V'*; so 
that 

f^.{x,z) = (X •ii(Z) • V'* + ^-n(x) • , x,^ e x{M^). 

2\\ip*\\ 

Making use of the relation Re {X ■ =0, which holds for an arbitrary vector field X 
and spinor V', one computes in the base of the Yi 

%,{X,Z)^-^^^^Re I {X'Z^ +Z'X^)n*^Y,-Yk-r,r) 

\i,j,k=l I 

-l^Re E X'Z-' Ii:^.^*,^*^ =II(X,Z), 

since only the summands with i — k are different from zero. In particular, one has 

I ^ 

IIV-II ,=1 

and it follows that Tr(T'^.) is constant if f) is constant. Since the latter only occurs if f) 
vanishes identically, we deduce the following proposition. 

Proposition 17. Denote by S the induced spinor bundle of AI^ and let A/p be a minimal 
surface, i. e., T a great circle in . Then there exists a T-Killing spinor ip* G r(I]) 
with Tr(T^.) = satisfying the field equation 

For any other choice of the curve T there are no T-Killing spinors. 

8. The spectrum of the Dirac operator 

In this section we will study some properties of the spectrum (t(D) of the Dirac operator 
on the hypersurfaces Mp, T being a closed curve, so that Mp is complete. In general, 
the Dirac operator D on a Riemannian spin manifold (M",g) is an elliptic formally 
selfadjoint differential operator of first order and, as a differential operator, closable. 
If M is complete, D is essentially selfadjoint as an unbounded operator in L^(S) with 
domain Cq°(M",S) and the kernels of D and D^ coincide, see e.g. Here L^(E) 

is defined as the completion of CJ^(M",E), the space of sections in E with compact 
support, with respect to the norm induced by the scalar product 



One has cr(D) — a(D). If M" is complete, a(D) is real and consists only of the approx- 
imation spectrum since, in this case, D has no residual spectrum. If, additionally, M" 
is non-compact, one has to expect point spectrum as well as continuous spectrum; in 
particular, we are interested in the essential spectrum of D, which is defined by 

o-oss(D) := {a e C : there is a Weyl sequence for A and D} , 

and represents the continuous spectrum together with the eigenvalues of infinite multi- 

2 

plicity. The main result of this section will consist in showing that the infimum of a(D ) 
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on (M^p, ht), where F is a closed curve and A £ U(2), becomes arbitrarily small for arbi- 
trary values of the parameter t, and that G cr(D); for F arising by a Mobius transform 
from a circle in C with center at the origin, we also show that the L^-kernel of D and 
D are trivial, thus obtaining S cross(E)) in this case. As we use the global trivialization 
(|[), these results hold for the trivial spin structure. 

Theorem 4. Let T be a closed curve and D the closure of the Dirac operator on the 
hypersurfaces (Af^p,ft,t), endowed with the trivial spin structure, where t ^ and A G 
U(2). Then, for arbitrary S > 0, 



inf{A : A e ct(D )} < 5, 



and e o'(D). 



We will prove these statements by using the min-max principle. For this, we need the 
following lemmas. 

Lemma 2. The Ijf^^-kernel o/D on {M^,ht) is non-trivial for arbitrary t and F. 
Proof. With respect to the realization of the previous section one has for e F(E) that 



dMYk) 



1 



(log hss)^ 



tuj^Yk) 
iLo^iYk) 



-c.2(y,) 

uj^Yk) 
Xi 

X2 



i.e., Vyi4' = dip{Yi) for every tp. Then d^pj — ^j(V'j)'^* imphes that the Dirac 

operator on Mp n M** is given by 



lYii^Jl)+lY2{^2)-Y3{4'2) 

-iYiii^2) + iY2ii^i) + Y3{^Pi) 



gy/h: 



22 



Since 



^(i + i(logif),,-(logZ?),, 

h22 ^ 



Q\/h. 



22 



By taking E = gi/Vdet ht = l/2£iV^22 into account one obtains on Afp n Af^, for the 
Dirac operator, the system of partial differential equations 



(36) 

(37) 
where 



1 



l22 



d_ 

d Q 
d 



^1 



1 

Ye 



^li^2 



1 



d g g 



4'2 + —fllllpl 

2g 



Xlp2, 



nil 



(r^ + l)K-^ - rrgK-^ - {r^iprK + 2i)^ 
OS a Q dip 

/ 9 s <9 d , ry ^ d 

(r^ + 1)K- rrgK- {r^ipvK - 2i) — . 

OS Og dip 



Let now A = and -0 be of the form if) = il){g, s) = g ^7(s). Clearly one has then 



^ + ^ ) ^j(e,s) =i7j(s) 



1 
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as well as 

rrg^^i^jiQ^s) = -— 7j(s), (^2 + s) = ———^.(^s). 

Equating these expressions yields the relation 

^(log7.) = -^^(log(r^ + l)) 
for 7, so that by integration 

log 7^- = log(r2 + 1) + logCj. 

Putting 7j = (r^ + l)^^/'^Cj one sees that all spinors of the form 

^ = ^ ( ^1 
gy/r"^ + 1 \ ^2 

are harmonic on Mp fl M*, where Cj e C are constants. Since, further 



/ \ii)\'^dM^= / I'^p^det ht dsAdgAdcp, 
Ju Ju 



for an open region U C Mp and det ht = 4^^/i22, the harmonic spinors ip are in L'f^^{T,). 

□ 

Lemma 3. Let T and t be arbitrary. Then there exists a L^^^, harmonic spinor i/jq on 
Mp n M'^ which can be approximated pointwise by spinors tp^ & L^(S) fl r(S) depending 
on a parameter e > such that Dip^ G L^(E). 

Proof. To begin with, note that y/—S converges pointwise to 1/g^r'^ + 1 as t ^ 0, and 
we therefore introduce the function 

(^4(^2 + 1)2 +£4)3/2' 

replacing in S the parameter t of the Kahler potential by the new parameter e. One 
computes 



dg" ' g"" '(/(r2 + l)2+£' 

Q l\ I 3^4 



as well as 



dg g) ^ ' e '£-4(^2 + 1)2 +£.4' 



since (r^ + l)S'e,s = rfgSe,Q. Each other function in q and s of the functional dependence 
g^/r'^ + 1 is also harmonic with respect to Oj and fi//. We put 

(38) := \/^e-^^*e^''^ , Q e C constant. 

For £ ^ one has then 

~" ^Vr2 + 1 (S) • 
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As remarked, ftjipe — 0, flutpe — 0, so that 



V^22 

3eH 



d Q Q 



-C2 



1 



QVhr2 Ve*(r-2 + l)2+e4 
Then one computes, since e > 0, 



+ 1 



oo Lr 



2ttC 



(-5,)Vdet hte-^^'eVT^ds Adg<oo, 



where C = |Cip + IC2P, as well as 

IPV'.IIl^ 

00 Lr 



J - £-^7-2 + 1 dMj 







- g\/ r2 + 1 ) ds Adg 



i. e., the i/je are L^-approximations of L^^^-harmonic spinors 

L2(E)nr(s)9V.^^oeLL(s) 

D-0£ being in L^, too. 

In the following we will use the abbreviations 

9e8 



□ 



for e ^ we then have that 

-SePe 



9e := 



^22 



VdetTu 



•S'e ge ^ 



(?2(r2 + 1)' 

pointwise. Let ipe be as in (|3^). While ||'(/'e||L2 becomes unbounded for e ^ 0, it does not 
follow that ||D-(/'e||L2 for small e. Nevertheless, we will show that for given 5 > 
and e small enough, ||D';/'£||l2 / HV'sIIl^ ^ ^' thus proving Theorem IJ. For this we have 
to determine precise estimates for the Rayleigh quotient ||D?/'e||L2 / HV'sIIl^ from above, 
where the point is to find bounds not depending on g. 

Proof of Theorem ^. Let be as in Lemma ^ equation ( |38| ) . One has 

2V2g'^ir^ + if 



d_ 



-S.^detht - ^^4(^2 + 1)2 + £4)3/2(^4(^2 + 1)2 + ^4)1/4 ' 

/ X _ 2V2(r2 + 1)3^^6 [p4(^2 ^ 1)2(^4 ^ gg4) ^ ^^4^4] 

I - "SeVdet/ltj - (^4(^2 + 1)2 + £4)5/2(^4(^2 + 1)2 + ^4)5/4 

sup(-S'ev/det /it) = ; 



>0, 
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therefore —Ss\/det ht is strictly increasing and tends to 2\/2/\/P"+T as g — > oo, so that 
it seems natural to estimate HV'^IIl^ from below according to 



W^P.Wl^ = 2ttC j j{-SePe)dgAds>2TTC j ini^{-Se\/det ht) j e'^^'^^'^dg A ds. 

~ P 



Here P > is a cutting point to be determined in a convenient manner, such that 
the resulting lower bound for HV'sHls is as great as possible. A possible choice would 
be the turning point of —Sgy/det ht, which can be calculated by the condition 
(— 5e-\/det ht)^g2 = by solving the equation of third degree in = f)^(r^ + 1)^ 



Since this turns out to be a little bit involved and does not necessarily lead to optimal 
estimates, we look for a condition for g instead such that 



(39) < ^ ( - 5e Vdet /it) | e < a « 1 , 



d_ 
i. e., 

A/J2 I 1 \21 6/5 r„ 4 . 4 . 2 , i \2 , ,4\ , j.4/ 4/ 2 , i \2 , ,4\l4/5 



[g\r^ + [Qe\e\r^ + if + t'') + t\e\T^ + if + e'')]' 



< ^ ) {g\r^ + If + ey{g\r^ + if + 1% 



This is fulfilled if 

4/5 



(\ I/O 
[g\r^ + lfY/\g\r' + lf+t% 

where we assumed e < t. For small e and t this does not represent a much stronger 
condition. Again this is assured if 



and we put 



„ , , 1 , , , 5/ 2y2(6e4 + 

Pa := H{e,t,a) , where li{e,t,a) := \ . 

+ 1 V 

Then one calculates 

inf {-S,^/detht) = -S,^/detht\p, = M{s,t,a) ^ , 

Q>Pa Vr" + 1 



the function M being given by 

M{e,t,a) 



£4)3/2(^4 + ^4)1/4- 
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We remark that, as £ — > 0, the functions /i and M tend to a finite value that is independent 
of Q, namely 



lim t, a) 

6^0 



5/2^/2^4 



/ 



lim M(e,t,a) = 2\/2 

6^0 



1/4 



+1 

at J 



the cutting point Pa also remaining finite. We finally obtain an estimate for 
the form 



of 



\\A\\l2 > 27rC / inf (-S^Vdet ht) / e-'^^'^'^'^^de A 



27rCM(e,t,a) 



-ds. 



Vr^ + 1 Ge-^Vr^ + 1 

Note that M tends to 2y/2 if, additionally, a-i ^ so that the value of — S'eVdet ht at the 
point Pa becomes arbitrarily close to supg{—S^^/detht) = 2-^/2/^^ + 1. This can always 
be achieved by choosing a small enough, though for big t the cutting point Pa becomes 
big, too. Nevertheless, we will see that this is of no relevance for later arguments. For 
small t we do not lose too much by the above estimate, since then Pa is also small. 
We turn now to estimating ||D'(/;e|jL2. First, one has 



-Se Qe V det ht 
^g^{r^ + 1)2 ( 1 



(f?4(r2 + 1)2 +£4)3/2 ^^g,4(^2 + 1)2 



+ 1^ 



< oo, 



and we set 



A:^,(.^ + l)i^^S, 
Ve^(r2 + l)2+e4' 

which yields —S^ ^/Aei ht = 9\/2£^AA^. The function A vanishes only for g — Q. The 
zeros of A are g = Q and the solutions of the equation of fifth degree in g, 



(40) 



?\/r2 + l(e^(r2 + 1)2 + £4) 1 = 0. 



Now pVr2 + l becomes zero for g = Q and is strictly increasing; (^'^(r^ + 1)^ + ^4)-! jg 
equal to for p = and strictly decreasing. The equation (^0|) has therefore exactly 
one real solution; it is positive and will be denoted in the following by Q. Note that Q 
is greater than and bounded from above by l/Vf^ + 1. Since —S^q^^/ det ht is non- 
negative and {—Seqe^/det ht).g = 9\/2£*A(2AA,g + AA^^), the numbers and Q are the 
only absolute minima of —Seq^/dei ht. The absolute value of A can then be estimated 
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according to 



|A| 



^^4(^2 + 1)2+^4 



______ 



< 



The relation 



as well as 



I , for^>Q, 
(e*(r2+i)2+£4)3/2 for Q<Q. 



sVr^ + 1 \ 2fle''Vr2 + 1 

' > 



imply the estimate 



|A| < iorg>Q. 



In a similar way one sees by 

d / g \ £4 _ 5^4(^2 + 1)2 



dg yig^ir^ + 1)^ + e^f/y (^^(rZ + 1)2 + £4)5/2 ' 
that ^(^*(r^ + 1)^ + has a maximum at gmax = with 

e ^ 1 

{g^ir^ + 1)2 + £4)3/2 1^^^^ £5^(6/5)3/2^^:2^' 
and we obtain the estimate 

I A| < , ^ ^ for g<Q. 

Now A tends asymptotically to ^/r'^ + 1 as g ^ oo and one computes 

5 ^ _ + 1) [£4*4 + (2£4 _ ^4)^4(^2 + i)2j 



a ^ (^4(^2 + 1)2 + e4)3/2(^4(,.2 + i)2 + ^4)3/4 ' 

* one sees that A has a maximum at 
it is strictly increasing. Inserting g'^^g^^. in A we obtain 



so that for 2£4 < one sees that A has a maximum at ^i^^^ = 4/^/_^^^4 ^^a+^ i otherwise 



where N{e,t) := t/{V2\/t* — £4), and thus, for A, the estimate 

r for 2£4 > t^, 

- \ \/f2-ijri7V(£,t)| for 2e^<t^. 

As e ^ 0, the function N tends to l/\/2. Summarizing wc find that, under the assump- 
tion that 2£4 < *4^ —Seqy/detht can be estimated from above according to 

^-^MMlte' for g>Q, 



-5,g.^d^ = 9^/2£«AA^< ^ 
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where n := ■^/W/W'; finally we obtain for ||Di/;£||l2, assuming e to be small, that 



IDV-eIIls <27rC / sup(-5e(7ev/det ht) [ e"^'"''^^^^ dg A ds 

J Q<Q J 



+ 2nC I sn^i-SeQe^dei ht) ( e-^'""'"^^ dg A ds 

J g>Q J 



Q 



2nC / , ^ ' ' , + e' == ds. 







Under the assumption that 2£ < we obtain the estimate 



W^^Wl, - M{e,t,a) Je-^P^^'^^ds 
for the Rayleigh quotient. The expression 

^ = E^(-6Qv^)'=-"'^ 

k=l 

tends to zero as £ ^ 0, so that the Rayleigh quotient itself becomes arbitrarily small for 

2 

£ ^ 0. Since for closed curves F the hypersurfaces Afp are complete, both D and D are 
self-adjoint, and by the min-max principle, see e. g. [ pT] , one has 

inf{A:Aea(D')}= inf 

since is bounded from below. The domain of definition of the closure D of the Dirac 
operator is given by 

V(D) = It/- e l2(E) : 3 a series V-n € X>(D) : ipn ^ Vand 

D ipn converges in (E) | , 

and in case i/j e 2?(D) n r(I]), one has D?/' = 0-0 • The first assertion of the theorem 
then follows by noting that the inequalities / \\ipe\\ dM^ < oo, / ||D?/'e|| dM^ < oo and 
/ ||D^ 11^ dMp < oo imply that tp^ lies in I?(D) and I?(D^), respectively, since Mp is 
assumed to be complete. To see this, let po G Mp be fixed and fi{x) : R ^ [0, 1] be the 
function defined in (pOh. Following H we put 



n 

Then 6„ = 1 on Bn{po) and supp6„ C B2n{po)- Further one sees that 6„ is Lipschitz- 
continuous and, hence, almost everywhere differentiable with |grad6„p < M/n^, where 
M is a constant. Since Mp is complete, the closed envelopes of the geodesic balls Bn{po) 
are compact in Mp and therefore 

^„ :=5„^, eI?(D) = Cjr(A/f?,E). 

Since HV'sIIl^ < ^^s ipn ips in L^(I]). In the same way ||D?/'e||^2 < oo 

implies with the relation D ■!/)„ = 5„ D V'e + grad 5„ • ips that Dipn — > E) -i/ig in (S) . 
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Consequently, one obtains ip^ € 2?(D), and in a similar way D-^^ e I?(D). Finally, by 
setting ■0e ■— ffJe/ II'^eIIl^j we obtain a sequence of elements in I?(D)nr(E) of unit length 
for which || D?/'j||l2 ^ as e — > 0, which implies that E crappiox{D) = <y{D). □ 

In the following we will study the L^-kernel of the Dirac operator in case that F is a 
circle in C with center at the origin and radius r = tq. Let p = ^'(s, g, ip) S Mp fl 
and z = e*"^ £ . As explained in section ^, in this case 

: n A/^ — > n M-*, K^{p) = g, (ip + r) mod 27r), 

fi^ : n Af* — > n M^, p,Xp) = + t) mod 27rr, gi, p) 

represent two isometric S'^-actions on Afp n Af*. Putting 

:= und -0(^2-1 (P)) 

one obtains two continuous unitary S'^-representations in L^(E), since by the invariance 
of the volume form under and iiz the equality 

{i^{K,-l{p)),piK,-^{p))) dM^ip) = J {^{p),p{p)){K,r{dM^)[p), p^^eL^j:), 

and a similar one for /i^ hold. Then, by the theorem of Stone, there exist uniquely 



determined self-adjoint operators M and Mi such that K^iT = e" , /i, 



They 



are given hy Ad — i dip, Mi = ids, while the corresponding eigenfunctions are determined 

by 



. d 
dp 



-ae 



d 

ds 



-f3pre 



where a and (3 are integers and pr = e/r, e — ±1. Because of D|p — D|^^(p) — D|^^(p), 
the operator D commutes with Kz and /I2 , so that each of the eigensubspaces E\ of D and 
D corresponding to the eigenvalue A decomposes into the eigensubspaces of the unitary 
X S'^-action according to 

in concordance with the spectral decomposition of the operators M and Mi; in particular, 
one has Ker^^a (D) = 0^ ^ TLa ® Hf^. A general solution of the Dirac equation T)il) = Xip 
on Afp n M'^ can then be written as a product of the form 



(41) 



'ip{s,g, p) 



where i? is a function of g. Thus, the system of partial differential equations (^6|) leads 
to a system of ordinary differential equations 



(42) 



d_ 
d g 
d_ 
d~g 



Ri 



Yg 



((r^ + l)Kl3(pr - [r^pvK + 2i)a) i?2 

+ i j i?2 + ^ ((r^ + l)KI3pT - {r^p^TK - 2i)a) i?i 
for the radial function R{g). Introducing 5 := ((r^ + l)/3 — r'^ajpr/2, we put 



XRi, 

= Ai?2 



/ := {6K 
and make the substitution 



X'=C g 



g := (SK + ia)/g. 
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SO that one obtains for x the system of differential equations 




with / := ( 
'h22dg 



.2i\f ^ 



9 e 

2 



(H + l)g 



\/2(e4(r2 + l)2+t4)l/4 



1 



g. Note that 

i4 



' 2'4'3' 



g4(r2 + 1)- 
t4 



If a or /3 are different from zero, neither / nor g vanish; differentiating again gives 

(Xi).e2 = f,eX2 + / (X2),e = (log/),e (xi),e + /5Xi, 
(X2),e^ = 5,eXi + .9(Xi),e = (logg),e (X2),e + /ffX2, 
and one obtains the differential equations of second order 



(43) 
(44) 
where 



'^-rriQ) +p{q) ^(fi*) + ?(£') Xi(£') 
ag dg 



do' 



p{g) = - - 5— 

g oK — lOL 



—^[g)+p{g) —(0) 



dg 



X2ig) 



- 2iX\/h 



22, 



q{Q) = ^{S^K^ + a^) < 0. 





If one puts X2 ■— /^^(xi),e and xi '■= 5~^(X2),eji'6spectively, each solution of ( p3[ ) or 
(^ corresponds to a solution of the above system of differential equations for x, i. 
e., solving the latter system of two differential equations of first order is equivalent to 
finding a solution of the differential equation of second order (43) or (|4^). The latter are 
differential equations of Sturm-Liouville type and our next goal will consist in showing 
that, for A = and a 7^ 0, they cannot have any bounded solutions and, in particular, 
that they do not lead to L^-integrable solutions ^ of the Dirac equation. For this purpose 
we will make use of the following theorem proved by Hartman | ll[ . 

Theorem 5 (Hartman). Let I be an interval in M and w{x) a solution of the differential 
equation 



w{x) + p{x)w{x) + q{x)w{x) — 0, 
with continuous complex valued coefficients p and q. If 



X e I, 



1, 



qix)--\pixr 



(45) Re 
then r{x) — \w{x)\'^ is concave, i. e., r{x) > 



>0, 
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Now, in our case one computes 

Rep(£») = -(p + p) = - - 



2'" e 2 \SK-ia 5K + ia 

1 S^KK 



g 5^K^ + a2 ' 



2^"^ 2i V(Si^-«a 5K 

2X^ 



122 



and thus 




-A2(r2 + l)X. 



(logX)^, aX^ir^ + l)K 



SK 



Because of 

2£» 4 " 2£» e'^ir^ + '^f + t^. 

one recognizes that, for A = and a ^ 0, the condition ( |45| ) is fulfilled for the differential 
equations (43) and (^), while for A 7^ the expression ~q{g) — |p(f?)P/4 tends asymp- 
totically to — 2A2(r2 + 1) for g 00. For A = and a = it becomes also negative as 
g — !■ 0. As a consequence of the preceeding theorem we obtain the following lemma. 

Lemma 4. Assume that A = and a ^ 0, and let xi, Xi be solutions of the differential 
equations (Q) and (^), respectively. Then |xip and |x2p (^f^ concave. □ 

We are now in a position to prove the announced theorem. 

Theorem 6. Let T be a circle in C with center at the origin and radius r = Tq, and ip a 
spinor on (Afp H M^, ht) of the form If ip is a solution of the Dirac equation with 

respect to the trivial spin structure corresponding to the eigenvalue A = and if a 7^ 0, 
then ||V-'|Il2 ~ 

Proof. Let Dip — and a ^ 0. By our previous considerations xi = CgRi{g) satisfies 
the differential equation (|4^) and we consider its continuation 

(46) ^(^)+p(^)^(;,)+^(^);^,(^)^0, zGC, 

to the whole complex domain. For a 7^ both p{z) and q{z)^ z S C, are meromorphic 
functions with poles of first and second order at zero, respectively. The differential 
equation ( p6| ) is therefore of Fuchssian type and zero is a regular singular point. Let 
Xi^2 form a fundamental system of solutions of (^); they can be expanded around the 
origin into the uniformly convergent series 



00 00 



xiA-A = (1 + E «"^") ' ^i^2(^) = (1 + E 

n— 1 n— 1 

where a„, 6„ are constants and ei, £2 are the roots of the equation 

+ (/ - 1)£ + g° = 
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with 

— lim q{z), ~ lim zp{z), 

see e. g. ||2^. One obtains £1+62 = 1 ^ p'^, £i£2 = which yields in our case that 
£1 + £2 = 1 — 1 = 0, £i£2 — — a^, and hence £1 = a, £2 = ~a. Evidently, analogous 
considerations hold for X2 ~ CgR2{g), too. Now, 



27T 00 27rr 



ll^l 



Uis,g,ip)rdA4 



-^{\Xi{g)\^ + \x2{g)\^)\/deth'tds AdgAdip. 



000 



In order that the above integral remains bounded it is necessary that IxiCp)!^ and |x2(f?)P 
decrease with order greater than one for g 00, since 



1 



y/ det ht = 



VSg(r 



I) 



constant; 



g- ■ ^^4(^2 + 1)2+^4 

therefore |xi(f?)P < ^/ g, * = Ij 2, must hold for large g. As, moreover, |xi(£')P is smooth, 
there exists a go such that (|x^(^?o)P),e < < 0- However, by Lemma one has 

that |xi(£')Pg is monotone increasing so that 

-^\Xzig)f <0 foraU g<go 

ag 

must hold. Consequently, |xi(p)P is monotone decreasing and strictly monotone decreas- 
ing for g < go- Let us now assume that a = 1, 2, . . . without loss of generality. If x{g) 
is not identically zero, it follows that, in a neighbourhood of the origin, its components 
Xi and X2 must have the developments 

X,(e)=A,e-"[l + ^c>"], 

where Ai, are constants; otherwise one would have (|Xi(0)P),e ^ 0- Let now gi be 
sufhciently small so that xi and X2 can be developed as above and, in particular. 



5]Rec>" 



n=0 



< — for all g < gi- 



Then 



27T Ql 27rr 



2 r 
(^Imc>") jv/det ht dg> Ti'^r{A\ + Al) j g-2(«+i)^det ht dg 



n=0 



ei 



^e^(r2 + l)2+<4 



-2c( + l 



dp 



iogei|o 

-2(0-1) 

-2(a-l) 



00, a = 1, 
00, a = 2, 3, 
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and hence HV'IIl^ — ^ 

We turn now to the remaining case of a = 0. If V'lSjP, = e^^"^^ R{q) is a harmonic 
spinor on Mp fl M^, the components of x = qR{q) satisfy the differential equations (|3|) 
and (^), respectively, where 

Q 

i. e., for xi ^-nd X2 one obtains the differential equations 

'^^{9)+p{B)^{e)-mxr{e) = Q 

and these can be integrated explicitly. Indeed, putting 

X,(e) = B,e' -^'"h (^^) ^ |i(^2(^2 ^ 1) ^ Ve^(r2 + l)2 + i4y 

one verifies that 



2£»(r2 + 1),5 



V'e4(r2 + l)2+t4 

dg 



ie) = (/'(^') + / (-^ + (log^)^e)) = (/'(e) - /(e)p(f^)) x.(e)- 



We continue ■;/' to a spinor on Mp by setting -i/jip = 0. Let now (pr — l/r and /? 
-1, -2, . . . , so that 5 = (r^ + l)/?/2r < /3 < 0. Then one computes 



=^ {^'{r' + 1) + VeHr' + 1)2 + t^) dg<^ 



so that ip S L2(Mp). Nevertheless, ip is not smooth at g = 0, so that ip ^ 2^(0). Thus 
we have completely determined the L^-kernel of the Dirac operator in case that F is a 
circle in C with center at the origin and obtain the following theorem. 



Theorem 7. Let T be a generalized circle in C that arises by a Mobius transform from 
a circle in C with center at the origin, and D the Dirac operator on (Afp, ht) with respect 
to the trivial spin structure. Then 

(47) Keri2 (D|(M3nM4)) = Ho®W/3, 

/3 = -l:-2,... 

while the -kernel of the Dirac operator and its closure are trivial. In particular, €E 

Proof. Let F be a circle in C with center around the origin and radius r = tq. Without 
loss of generality we can assume that Lpr — 1/f- For /3 — —1,-2,— 3, . . . and by the 
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previous considerations 



e 



J arsinh (^^^^) f Bl 



If \ o arsmn i -= — —rr 



are harmonic L^-spinors on Mp n M'^, where 6 — {r'^ + l)/3/2r, Bi are constants and 
ip/s^-p = 0. By Theorem^, apart from the trivial representation no other representations 
of the iS^-action Kz can occur in the L^-kernel of the Dirac operator and we obtain ( p7[ ) 
in case that F = d B{0,r). The general statement then follows from the fact that Mp and 
M^P are isometric for A G U(2). If, further, ij; G L^(S) is a harmonic spinor with respect 
to D, then the regularity theorem for solutions of elliptic differential equations implies 
that "0 G r(S). However, since all L^-harmonic spinors have to be linear combinations of 
the tlj/s, which, nevertheless, are not regular at g = 0, the L^-kernel of the Dirac operator 
and its closure turn out to be trivial. Since, by theorem ^ zero belongs to the spectrum 
of D, it follows that G ct^', (D). □ 

9. On the spectrum of the Laplacian 

In this section we will continue the study of the Laplacian on the hypersurfaces Mp, 
which we began in Section]^. Unlike the Dirac operator, the spectrum of the Laplacian on 
an open complete manifold is related to the underlying geometry in a much more intrinsic 
way. Thus, lower bounds for the Ricci tensor imply upper bounds for its smallest spectral 
value, and by studying the geodesic flow and the exponential growth of the manifold one 
obtains statements about the infimum of the essential spectrum of the Laplace operator 
and vice versa. 

Operating on functions, the Hodge-Laplace operator and the Bochner-Laplace oper- 
ator coincide, and we have A = V*V : C°°{M^) C°°(M^) on the hypersurfaces M^; 
further, since Mp is complete for a closed curve F, A is essentially selfadjoint as an op- 
erator in L2(Mp) with domain Cg°(Mp), where the domain of A is given by the Sobolev 
space 2riO(Mf?) = lP{M^). One has (j(A) = cr(A). Now, for the smallest spectral value 
of the Laplacian the following proposition holds in general (see e.g. [|]). 

Proposition 18. Let {M^,g) be an open complete Riemannian manifold, the compo- 
nents of the Ricci tensor being bounded from below by —{n— 1)C, where C > 0. Then 
the smallest spectral value of the Laplacian ^o(-^") satisfies 

MM-) < ^-^^^C. 
Hence, as an immediate consequence we obtain the following statement. 

Corollary 5. Let T be a closed curve in C. Then the smallest spectral value of the 
Laplacian on the hypersurfaces (M^p,/it) satisfies /io(Aflr) — where t ^ and 

AgV{2). 

Proof. By Theorem |l|, Rn > R22 > -R33. Further, since i?33 is strictly increasing one 
has that inf g i?33 — i?33|g=o = —2/t^ so that Rij > — 2C, where C = t^^. The assertion 
then follows from the proposition above. □ 

In the sequel we will proceed to find estimates for the infimum of the spectrum of A 
on the considered hypersurfaces by using again the min-max principle, and show that 
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it becomes arbitrarily close to zero for any closed curve T, so that /lo(-^^lr) ~ where 
A e U(2). Since, by Corollary^, this estimate gives also an estimate for the infimum of 
the essential spectrum, we are in position to compute the exponential growth of Mp for 
an arbitrary closed curve, thus generalizing the results previously obtained in section ^, 
since, as already mentioned, the infimum of the essential spectrum of the Laplacian is 
closely related to the exponential growth of the underlying manifold. More precisely the 
following theorem proved by Brooks |^ holds. 

Theorem 8 (Brooks). Let {M",g) be an open complete manifold of infinite volume. 
Then 

inf cross (A) = i^^L- 

Consequently, the exponential growth of the hypersurfaces Mp must be zero for any 
closed curve T. Let us now prove these assertions. 
First note that for ip e H2(Mf?), 

J {ip,Aip)dM^ ^ J{\/ip,\/ip)dM^ 

holds, where (•, •) denotes the scalar product in il"(A/p) and 

(V^,V^) :=^(Vy,^,Vy.¥>) =^y/(v9) = |grad(^|2. 
By the min-max principle we have 

f,^, • f ^ • f /Igrad/pdM^ 
(48) mfo-(A = mf_ . , ..^ 3 — ■ 

Now we consider the function 

which is derived from the trace of the second fundamental form, and by means of this 
function we generate estimates for cross(A). 

Theorem 9. Let T be a closed curve in C and A the closure of the scalar Laplacian on 
(M^P, ht), where A G U{2). Then, for arbitrary S > 0, 

inf CTcss(A) < S. 

Proof. By Corollary ||, is L^-integrable over Mp for a > 3/2. One computes further 
that 

Y (9.-) = ( = 1 agHr^ + l? 



the derivatives Y2{S)") and Ys{Sj") being zero so that 

a^g^{r^ + l)^ 

2(e4(r2 + l)2+e4)2 



gradi3,"p = Y,\f,^) = ..XY ^^[,.2 VoHr' + 1)^ + ^^io^ 
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For a — 2, and assuming t < e, the monotony of the integral imphes 

g^r^ + 1) 



J ^ J (oHr^ + l 



ig*{r^ + 1)2 + £i) ^^4(^2 + 1)2+^4 



ds A dg 



(f?4(r2 + 1)2 +£4)5/4 
1 



ds A dg 



(l+r2)(f,4(r2 + 1)2 +£4)1/4 



ds = 

e 



ds. 



Similarly, under the assumption that t < s one computes 

n7/'^2 , n3 



1 |gradi32|2rfM3 = 16V8^ J (^4(^2 + ijz + ^4)3 v/g'(^^ + 1)^ + tUg A ds 



^ ^^4^ll±2l— ,,,,,, 

(£»4(r2 + 1)2 +£4)11/4 ^ 



leVsTT 



21(f?4(r2 + 1)2 +£4)7/4(^2 + 1) 



ds 



64V87r 
21e3 



(r2 + 1) 



ds, 



showing that ^^2 ^ X'(A). Summing up we have 



/|grad.^2|2^^,^3 



< 



for all <t < e: 



J SjjdM^ - 21e2 

using (^) one then obtains the stated bound from above for the essential spectrum of 
the Laplacian since, by Corollary ^, zero can be no L2~eigenvalue of A and, hence, of 
A. □ 



Corollary 6. Let t > be arbitrary and A G U(2). Then for any closed curve T in C, 
(M^P, ht) has subexponential growth. 

Proof. This is a consequence of the theorems || and ^. □ 
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